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and accordingly it merely remains to show that a region can be marked off 
5 about L such that, when P is within it, the first of these two integrals is in ty 
: absolute value less than ¢/2. The reasoning which took us above from for- : 
mula (18) to formula (20) shows at once that : | 


[fcpae- [fon Bay, | 


and now it is easy to see thata region can be marked off around Z such that when i 
P lies within it p, < p for all points y on the are y, = y = 2." Accordingly 
for points P in this region 


| [ncnee|s [" onlay <5, 


Thus we have completed the proof that in all cases /\(7r, ¢) approaches zero 
as FP approaches L. 
Let us now come back to the function F'(r, ¢) itself. We may write : 


Fr. $) Sb) = x | [Pop Fd J. 


Let us now determine a positive 6 such that when | ~— ¢9| <8, 
S(v) —F (0) | < €/2. This is possible since we have assumed / to be contin- 
uous at dy. For the sake of simplicity of notation we will measure the angle : 
@ so that when y = ¢, 8 = 0, and we will call the value of @ when yy = ¢y + 4, : 

&, and when ¥ = ¢ — 6, — &. We have: | 


rong) t= [roe — reo ]e0 + 2 





“r— 


[7H F.ae) | a8. 


The second of these integrals approaches zero as its limit as /? approaches ZL i 
since it is of the form of the integral F considered above, except that f(y) is 
replaced by f(y) —f(¢)). Accordingly by restricting P to a certain neigh- 
borhood of Z we have: 


sa [ wre) — F046) ]a8| < 5 i 


* For when P lies at L, p,) = 0 and p is for all values of ¥ on the are at least as great as l: 
the distance from P to the nearer end of the arc; and as P moves away from L both p and 
and p; vary continuously. It is easy to see that the largest region of this sort about Z is 
the region bounded by the are of the circle on which Z lies and by two circles touching the 
unit circle at y,; and Ye respectively and passing through the origin. 
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We also have: 
LE (dy) aos fr fd) |d0< § 
2a L yw) — Hoo) |) |= io bs J (vy) — I (Dy) < _ 
Accordingly 


F(r, 6) —f(d)) <«. 


and our theorem is proved. 
We might now go on to the consideration of the behavior of F’ (r, ¢) as P 
approaches a point Z on the unit circle at which f is not continuous.  Al- 


aria 2 


though various theorems might be established here,* we will prove only one 


which we shall find useful later : 


VI. Uf f(y) has a finite jump at vo, 


ome tv 


ESE SERCO SEN: rome 


Ms 


yom P(r, po) = 4 (S(b0 + 9) +S (bo — 9)). 


~ 





It should be noticed that this isa much more special theorem than the last 
since (r, @) is now approaching its limiting position (1, $9) along a radius. Let 
us again measure @ so that when yy = gy, @= V0. We will break up Poisson's 


integral into two parts, thus: 


1 7 1 Oo 
F(r,o) = re | J(y) de + af IH) a, 


— 


4 


and prove that the first part approaches 4 /(¢) + 0) as its limit, the second 
4 f(g) —). That this is so is very evident from the interpretation III of 
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* For instance the following: 

Ii f(¥) becomes positive ly (negatively) infinite at ov, F(r, ~) becomes positively (negatively) 
infinite as(r, )approaches (1, d») inany way. 

Tj we denote by M and m the upper and lower limits of indetermination (c} Stolz, Theor- 
etische Arithmetic, p. 169) oj f at the point oo, then, however small the positive quantity €, a neigh- 


borhood oj (1, gy) can be marked ojf throughout which 
m—e<F(r,¢)< M+e. 


A special case of this last. is the following: 





Ij j(¥) has a jinite Jump at », then, no matter how small the positive quantity €, a neighbor- 
hood of (1, ¢) can be marked ojj in which 
Ho — 0)—« < F(r, ¢) < f(do +0) +6 if fido — 0) < f(¢o + 9), 
i(d + 0) e< Fir, ¢) < j(@» — 0) +. i} fldy + 0) < f(g — 0). 
The truth of all these theorems is evident from the interpretation III of Poisson's integral, 
and the formal proof is easy. 
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Poisson’s integral. The formal proof, which we give only for the first part, 
since it is precisely similar for the second, is as follows : 

The positive quantity € being given at pleasure, let us determine a posi- 
tive 6 such that when ¢, < ¥ < $+ 8, |f() — f(b) + 0)| < €/2, and when 
v¥=9+6let0=€. Then 


1 /*. oe 
ag | Sone ~ £F (bo + 0) = = [ [7(v) —F( bo + 9) 40 


] ‘* 
+ oe [ LICH) — Abo + 0) 108. 


= Je 


The second of these expressions, by what we proved above about the function 
we called F', approaches zero as r approaches 1. The first is in absolute value 
e € € , , 
less than 5 ae <3 Accordingly for all values of r sufficiently near to 1 we 
~ A } 
have 


5 [ FON) d0- 4714) + | <6, 


and the proot that the first half of the above expression for F’ approaches 
$ £($) + 0) is complete. 


4. Applications of the Theory of Poisson’s Integral. The 
results of the last section show that if f(@) is any real function with period 
2 which in the interval — 7 = ¢ = 7 has only a finite number of disconti- 
nuities and is such that {| f(¢) / converges when extended over any portion 
of this interval, then may be obtained at any point where it is continuous as 
the /imit of an infinite trigonometric series as the coefficients of this series ap- 
proach, in a certain manner, the Fourier’s constants of 7. Since the formation 
of an infinite series is itself a limiting process, we have to deal here with a 
double limit and our result may be written : 


k 
(21) S(¢) = lim | lim E + Nv (a, cosnd + &, sin np)" | (r>1), 

rato tex Ll? sow 
where the a’s and the 6's are the Fourier’s constants of f. If we had the right 
to reverse the order in which these limits are taken we should have the result 
that f is represented by its Fourier’s development. But we do not have this 
right; and there are actually cases in which 7, though continuous, is not rep- 
resented by its Fourier’s development. 
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Although this most obvious application of the theory of Poisson’s integral 
is impossible, there are certain other important applications to the theory of 
Fourier’s series on the one hand and to the theory of finite trigonometric 
series on the other, which we will now develop. 

Suppose that ¢j is a point at which f is continuous. Then the function 


F(r, $.) =F + DS (ancosndy + bysinngy)r™ = (rv < 1) 
1 


will, by theorem V of the last section, approach /(¢)) as its limit as r ap- 
proaches 1. But by a well known theorem of Abel * we know that if a power 
series in r, such as this, converges when r = 1 to the value A, the function 
represented by the series when r < 1 will approach the value A as r approaches 
1. Thus we have established the important theorem :f 

I. Jf the real function f(b) with the period 27 has in the interval 
—7 S627 only a finite number of discontinuities and is such that 
S T(b) db converges when extended over any part of this interval, then if the 
Fourier’s development of f(b) converges at a point $y where f is continuous, 
it will converge to the value f( do). 

A second theorem of the same sort, whose proof follows in the same way 
from theorem VI of the last section is this : 

II. Uf f(d) satisfies the same conditions that were imposed in 1 and if dy 
ws a point at which f(b) makes a finite jump, then if the Fourier’s development 
of S(b) converges at do, it will converge to the value 


a (db) + 0) + f(b — 9)). 4 


* For a proof see, for instance, Picard’s treatise, vol. 1, p. 220. 

+See Bonnet, Mémoires de UV Académie de Belgique, vol. 23 (1850), p. 11. This is the only 
application of Poisson's integral of which we shall make essential use in the subsequent sections. 
The rest of this section may be omitted on a first reading if so desired. 

+ The following further theorems may be obtained in the same wav from the theorems of 
the foot-note on p. 98. In all of them we suppose / to satisfy the conditions stated in I. 

Ij j(%) becomes positively (or negatively) infinite at oy, its Fourier's development will not 
converge at that point. 

If {(%) has‘a finite discontinuity at @, its Fourier’s development, if it converges at oo, will 
converge there to a value lying between the limits of indetermination at that point; and in particular, 
tf mz and M+ are the lower and upper limits of indetermination for d +0, and m—, M— the 
similar limits for ¢o — 0, the value of the Fourier’s development at $y, if it converges there, will lie 
between 4 (m+ + m—) and4 (M+ + W-). 

Further results of the same sort may be obtained by using the extension of Abel's theo- 
rem which says (cf. Stolz: Allgemeine Arithmetik, vol. 1, p. 279) that if a power series in r 
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An immediate result from I is the theorem : 


Il. Jf all the Fourier’s constants of a real, continuous function with 
period 2m are zero, the function is identically zero.* 

In fact it is not necessary to require that the function be continuous, but 
merely that it satisfy the conditions stated in I. In this case, however, from 
the vanishing of all its Fourier’s constants we can merely infer that the func- 
tion must vanish at all points where it is continuous. From this generalized 
form of the theorem we infer at once the further result : 

IV. Jf two functions f,\(p) and fy(d) have the period 27 and each has 
in the interval — 7% = x 3% at most a finite number of discontinuities, and the 
integrals f f(b) dd. f falb) db converge when extended over any part of 
this interval, then if all the Fourier’s constants of fi are respectively equal to the 
corresponding Fourier’s constants of fr, Ki and fy will be equal except perhaps at 
the points where one or hoth of them are discontinuous. 

For f,\(¢) —f2(¢) is a function which satisfies the conditions in I and 
whose Fourier’s constants are all zero. 

We proceed now to another class of facts of which the simplest is the 
following : 

V. If f(b) ts acontinuous function with the period 27, and if into the 
Fourier’s development of f(b) we introduce the convergence factors r® (r <1), 
the resulting series, which always converges, approaches UNIFORMLY the value 
J(¢) as r approaches 1. 

To prove this let us define a function F'(r, ¢) for all points within and 
on the circle r = 1, the definition for points within this circle being the 
same as the definition of F’ in §2 (i. e. the value of the Fourier’s series 


diverges to + x (or to — x ) when r = 1 and converges when |r| <1, then the function rep- 
resented by the series becomes positively (or negatively) infinite as r approaches 1. From this 





we infer the theorem: 
The Fourier’s development of f(@) cannot diverge to + w (or to — w) except at points where 


S(o) is positively (or negatively) infinite. 
* This is practically a very special case of a theorem enunciated, though not satisfactorily 
proved, by Liouville in the first volume of his journal (1836) p, 261 (cf. §10 of the present paper). 


The theorem follows also at once from formula (25) below: 


1 (* a. Sra? 2 
[4(o)]}*? de = + Taz + dj). 
T J—r 2 1 
Kneser has recently shown ( Sitzungsherichte d. Berl. math. Ges., vol. 3, p. 28, 1904, which ap- 
pears as a supplement to ser. 2, vol. 7 of the Archiv d. Math. u. Phys.) how the theorem may be 
deduced from Weierstrass’s theorem concerning finite trigonometric series (theorem VI below). 


ote 
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after the convergence factors have been introduced), while F’(1,¢) shall 
by definition be #(¢). By theorems I, §2 and V, §3 this function is con- 
tinuous within and on the circumference of the unit circle. Making use then 
of the fundamental theorem which tells us that a function continuous within 
and on the boundary of a region is uniformly continuous there,* we see that 
however small the positive quantity « may be, a positive constant 7, < 1 can be 
found such that 


S(¢) — F(r.¢)| <e€ when nari. 


This, however, is what we mean by saying that F'(7, #) approaches /(¢) uni- 
formly as r approaches 1. 

The theorem just established enables us to prove with Picard f the fol- 
lowing fundamental theorem due to Weierstrass : 

VI. Lf f(b) ts any function real and continuous for all real values of $ 


and having the period 27, it is possible to represent it to any desired deqree of 


approximation by means of a finite trigonometric serves 


L 
S.(b) = $Aly - Ns (A, cosnd + Bsinnd) : 
eee 


1 


that is, € being an arbitrarily small positive constant, it is possible to choose the 
integer k and the constants Ay, +--+ A, and B,, - ++ B,in such a way that for 


all values of $, 
I(d) — Se(o) <€. 


*A function is said to be continuous ata point P if, no matter how small the positive 
quantity « may be, a positive 6 can be found such that if @ is any point ata distance from P less 
than 6 (or, when P is on the boundary of the region in which we are considering our function, if 
Q is any point belonging to the region whose distance from P is less than 6) the values of the 
function at P and ¢ differ by less thane. It is said to be continuous throughout a region if it 
is coutinuous in this sense at every point of the region. It is said to be uniformly continuous 
throughout the region if, however small the positive ¢, a positive 6 can be found such that if P 
and @ are any two points of the region whose distance apart is less than 4, the values of the 
function at these two points differ by less than «. — These definitions apply to space of any 
number of dimensions; i. e. to functions of any number of variables. The theorem of the text 
is proved for the case of functions of one variable by Picard on p. 3 of the first volume of his 
treatise. The reader who is not familiar with this important idea is advised to study that 
proof and then to construct for himself along similar lines the proof for the case we need here 
of functions of two variables. 

+ See Traité Tanalyse, 2d ed., vol. 1, p. 275, where an account of Weierstrass’s original 
method will also be found. 
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To prove this we first choose a positive constant p < 1 such that for all values 
of ¢ 


(22) S(d) — Fle, $)\< 5: 


That this is possible is seen from V. By theorem I, §2 we see that the series 


’ WN = . 
F(p,¢) = 5 + = p"(a, cos nd + b, sin nd) 
1 


is uniformly convergent for all values of ¢; so that, if we denote by S,(#) the 
sum of its first & + 1 terms: 


Ay 


k 
(23) S.(o) = 5 + ie p”(a,, cos nd + b, sin nd), 
we can then choose / so large that 


. ;, € 
(24) F'(p, 6) — Si(b) < 5° 
From the inequalities (22) and (24) follows 


Tih) — Sil) <, 


and we have in the function S,(¢), given by (23), the finite trigonometric 
series whose existence was affirmed in VI. 

It should be carefully noticed that this approximate representation of the 
function f(¢) is not by any means what we should get by taking a number of 
terms at the beginning of the Fourier’s development of /(¢), since the coeffi- 
cients of S,(@), with the exception of the first, are not the Fourier’s constants 
of 7(@), but are obtained by multiplying these constants by positive quantities 
less than 1.* We may therefore say, referring to theorem I, §1, 

VII. Wererstrass’s t approximate representation of a continuous periodic 
function f() by means of a finile trigonometric series of k + 1 terms is not so 
good an approximation, if we take the standpoint of the method of least squares, 
as is the sum of the firstk + 1 terms of the Fourier’s development of f(¢). It 





*It follows that if in the Fourier’s expansion of f(@) certain terms are missing, the 
same terms will be missing in the approximate representation of the function which we have 
given here. 

+ Formula (23) is really not Weierstrass’s representation of f(@) but Picard’s. Weier- 
strass’s differs from it in that the factors p" are replaced by p”. The remark here made applies, 
however, to both cases. 
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may, however, and, in some cases at least,* it will be a better approximation 
than the sum of the first k + 1 terms of the Fourier's development if we measure 
the closeness of the approximation by the size of the largest error. 

It would be of interest to determine for a given integer / the coefficients 
of a trigonometric series of k + 1 terms so that it may give the best approxi- 
mation in the sense just described to a given function.f So far as the writer 
knows, this problem has never been solved. 

Without stopping to give any of the important and interesting applica- 
tions of Weierstrass’s theorem,} we turn now briefly to the case of discon- 
tinuous functions. We will consider only finite discontinuities, of which, in 
any finite interval, there are to be only a finite number. Let us denote the 
points of discontinuity in the interval — 7 < ¢@ 3 @ arranged in order of 
magnitude by ¢,, ¢., - - - >, and let d¢, +2 r= ¢$,,,,. Let € be a positive 
constant. 

By one of the foot-notes on p. 98 we see that it is possible to find a pos- 
itive constant 6 < 1 such that 
(1l—é<r-1 ) 
(¢, —8<$- $+ 8 
where m; and .M; stand respectively for the lower and upper limits of inde- 
termination at ¢;. 

On the other hand the reasoning by which we established theorem V shows 
that for any range of values of @ which does not include or reach up to a point 
of discontinuity of f(¢@) the function /'(r, ¢) approaches f(@) uniformly as r 
approaches 1. Combining these facts we get at once the following theorem : 

VIII. Jf f(¢) has the period 27 and in any finite interval has no discon- 
tinuities other than a finite number of finite discontinuities, and if € is an 


m;,—e< F(r,¢) < M, +e when 


t 


(2=1,2,---m), 


arbitrarily given positive constant, tivo positive constants R <1 and & (which 
last may he taken as small as we please) can be found such that when R <r <1 
then 

(a) when the distance from to the nearest point of discontinuity is 
greater than or equal to 6, 


S(¢) — Fir, $6) <€: 


* Certainly for all functions f(@) whose Fourier’s development does not converge at all 
points, or does not converge uniformly, this will occur. 


+ An interesting discussion of questions of this sort will be found in Klein's Anwendung 
d. Diff.- u. Int.-Rechnuny auf Geometric, Leipzig, Teubner, 1902, p. 139-171. We shall have oc- 
casion presently to consider other questions which are there treated. 

~ See Picard’s treatise, 2d ed., vol. 1, p. 277-279. 
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and (b) when the distance from $ to the nearest point of discontinuity is 
less than or equal to 6, | 
m—e<Fi(r,¢)< Me, 


where m and M denote respectively the lower and upper limits of indetermina- 
tion of f() at this nearest point of discontinuity.* 

It will be seen from this that, as r approaches 1, F'(r, ¢) comes as near 
to approaching /(¢) uniformly as it is possible for a continuous function to do 
which is approaching a discontinuous limit. 

An immediate application of VIII is the following : 

IX. If f(¢) has the period 27 and in any finite interval has no discon- 
tinuities other than a finite number of finite discontinuities, then 


ral 
« 1 


° Cs 
lim (178) — FOr.) |b = 0. 

For denoting by & the number of discontinuities in the interval c, = ¢ S ¢,, 
we can cut out from this interval / subintervals consisting of all points whose 
distance from one of these points of discontinuity does not exceed 8, to use the 


notation of VIII. In all the remaining intervals 
T(o) — F(r, o)! <€ when R<r <1, 
while in these / intervals each of which is of length not exceeding 26, 
S(¢) — F(r, $)\< 20+. when # <r <1, 
where /{ is a positive constant such that for all values of ¢ 


|f($)| = K. 


Accordingly we have 


Il 


[ I(¢) — F(7, ) \db & (e, — )e + 2h6(2F + €) when 2 <r<l. 


* If we take @¢ as abscissa and y as ordinate, the curve y = f(@) is discontinuous at all the 
points ¢, where the function f(¢) is discontinuous. Suppose now we confine our attention 
to the case in which all the discontinuities are finite jumps, and construct a continuous 
curve C by connecting by straight lines the two points whose abscissas are ¢; and whose or- 
dinates are f(¢; — 0) and f(¢; + 0) respectively. Then it is easy to see, when we remember 
that by I, §2 the function F(r, ¢) is continuous when r < 1, that VIII is equivalent to the state- 
ment that the continuous curve y = F(r, ¢) approaches the continuous curve C uniformly as r 
approaches 1. That is, no matter how smali the positive constant ¢, a positive constant 
R < 1 can be found such that when R < r < I, any point P being given on either one of these 
curves, a point Q can be found on the other such that the distance Pq is less than ¢. 
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Since the right hand side of this inequality can be made as small as we please 
by taking ¢ and 6 sutliciently small, our theorem is proved. 
As an application of LX we will determine the value of the series 


2 x 

ao p 2 s Ze 

2 <i (a), x bi), ’ 
1 


to which we were led in §1. We start from the formula 


a 


’ a Si . 
F(r,¢) = = + =. r”(a,cosngd + 6, sinnd). P 
i 


Since this is a uniformly convergent series when r is constant and less than 1 
(§2, 1), it will remain uniformly convergent when multiplied by f(@).  Ac- 
cordingly we have: 
[re Fr. 9)ae 
ae FE eS  . om p 
= of T(db)dd af =. yn («. | Si d)jcosnddd + b, | S(g)sinngdg) 
rT l J—t - -7 


+ 


‘ie ) 


- ta +B)! 


a PS 
= 


(r <%). 


( ¢ 
= 7 < 
( 


On the right we have a power series in ¢ which we proved in §1 to be conver- 
gent when r= 1. Accordingly by the theorem of Abel concerning power 
series which we used near the beginning of this section, 


MN, ee l }; Pa ’ 
4. Seema llin Ppayreee ety 
l « —y 


Now we have 


- 


rs , ree ae . 
[1) FO 88 = (Std) 5 db — | F($) fd) — FOr) hd, 
and this last integral is easily seen to approach zero as r approaches 1. For if 
we denote by A’a positive constant such that /(¢) < A’, then 


| LF) {L8)- Fer. 4) hae =e” 108) — Prd) a8. 


J—F 














Thus we have established the theorem* 

X. Ifa, and b,, are the Fourier’s constants of a function f(x) which has 
the period 2% and in any finite interval has no other discontinuities than a 
finite number of finite discontinuities, then: 


’ 1 . = 
(25) :. ") £($) {2 dp = Mt 4 > (ai, + 8) 
a 


Finally by means of the same reasoning which led us from V to VI we 
deduce at once from VIII the theorem : 

XI. Tf f(b) has the period 27 and in any finite interval has no discon- 
tinuities other than a finite number of finite discontinuities, and if e is an 
arbitrarily given positive constant, a positive constant & can be determined, 
which we are free to take as small as we please, and then we can find a positive 
constant p < 1 and a positive integer k such that the finite trigonometric series 


Si(o) = — + S p" (a, cosnd + b,sinng) 
- 
(where the a’s and b’s are the Fourier’s eonstants of f) has the following pro- 
perties: 
(a) when the distance from to the nearest point of discontinuity ts 
greater than or equal to 6, 


SF (b) — Sk() | < €; 


(4) when this distance is less than or equal to 6, 
m—e<NS,(6) < Mee, 


where mand M denote respectively the lower and upper limits of indetermina- 
tion of f(b) at the nearest point of discontinuity. 





* Due to de la Vallée Poussin, Annales de la Soc. scientifique de Brurelles, vol. 17 (1892-3), 
p. 18, who proves it by a method similar to that here used under the very broad restriction that 
$(fr)v? is integrable. It was rediscovered and proved by a different method by Hurwitz, 
pos & de Vécole normale supérieure, vol. 19 (1902), p. 357. Both authors give also the more 
general form 


1 - 


@ 
(25') bd fs {(o) F(¢)do = + S&S (a,An+ b,B,), 
a/-—7 1 


rT 


where F is a second function satisfying the same conditions as f, and where A, and B, are the 
Fourier’s constants of F. This formula may, as Hurwitz remarks, be deduced immediately 
from (25) by applying that formula to the function f(¢) + F(¢) instead of to f(¢). 
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5. La Vallee Poussin’s Proof of Convergence of Fourier’s 
Development of Continuous Functions. We will begin by establish- 
ing the following simple lemma concerning series with positive constant terms : 


x 


x 
. ‘ .* m — | e 
Lemma. Jf the series S~ u? converges, the series > “ will converge. 
I . 


To prove this we start from the inequality 
1\2 
| _- 20 
( tn | 3 


2 n 
Uy + “> = 7 


from which we infer that 


Now since the series whose general term is 1/n? converges, and by hypo- 
thesis the same is true of the series whose general term is u?, it follows that 
the series whose general term isu, 7 will also converge. 

Let us now consider a continuous function f(x) with period 27. We 
will assume that this function has a derivative f(a) which is continuous through- 
out any finite interval except for a finite number of finite discontinuities. Let 
us denote by «,, 5, the Fourier’s constants of f(x), by aj, 6), those of f’(z). 
We have, on integrating by parts: 


II 


, 


if, —i f/f" , ; — bi 
a,=-— | s(r)cosnzdz — | f'(z)sin nxdx = — 


rT 7. Tn n 
(26) 2 - Tr —- 
oo, 1s, a, 
bh, =—] Sf(*)sinnrdr = — f'(x)cosnrdr = —.- 
¥ J. we J n 


Now we know by theorems III and IV of §1 that the series 


sy: es 
Sa, 
1 
converge, and from this it follows by the lemma just proved that the series 
S| a3 | ELA 
n - p> n 
1 1 


converge, but these are by (26) simply the series whose general terms are 
5b, and a, |, and we have the result: 
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I. If f(x) is continuous for all real values of x and has the period 2r, 
and if it has a derivative f'(x) which is continuous throughout any finite inter- 
val except for a finite number of finite discontinuities, then the two series 


a Zz 

—. 
> Un » » b,, ’ 
1 1 


whose terms are the Fourier's constants of f(x), are absolutely convergent.* 

If now we notice that the general term in the Fourier’s expansion of f(x) 
is numerically less than |a,,| + |4,|, we see at once on reference to §4, theo- 
rem I, the truth of the following theorem : 

Il. Jf f(x) and f'(x) satisfy the conditions imposed in I, then the 
Fourier’s development of f(x) converges absolutely and uniformly for all values 
of x to the value f(x) .t 

It will be seen that the only cases of continuous functions which are not 
covered by this theorem and which are at all likely to occur in practise are 
those in which f(x) has an infinite derivative at some points, or at least an 
infinite forward or backward derivative. Such cases do occasionally occur ¢ 
and will be covered by a method we shall give later (§§11-13). 


6. Convergence of a Special Type of Trigonometric Series. 
We begin by establishing the following theorem due to Schlémilch : § 





* The proof we have just given shows that in the case we are considering, 


Cc C 
[a,|<—, (oi 1< —, 
n n 


where C is a positive constant. These inequalities are estabiished by Picard ( 7raité d analyse, 
2d ed., vol. 1, p. 253) by an application of the second law of the mean without the assumption 
of the existence of ,a derivative f'(z), but with the additional assumption (which we do mot 
need) that f(x) has not an infinite number of maxima and minima in any finite interval. Other 
interesting inequalities will also be found there; for instance, assuming f(x) to be continuous, 
and f'(x) to be continuous in any finite interval except for a finite number of finite jumps and 
to have at most a finite number of maxima and minima there, Picard shows that 


Cc Cc 
lan] <> | bn I< oe: 

Cf. on this subject also Whittaker’s Modern Analysis, p. 149-151. 

+The method of proof of this theorem applies without change if the derivative j’(z) is 
restricted merely by the requirement that [f’(x)]* be integrable. The points of discontinuity 
of f(x) may be everywhere dense, and f(z) need not remain finite; cf. la Vallée Poussin, 
Annales de la Société scientifique de Bruxelles, vol. 17 (1892-3), second part, p. 32. 

¢ Cf. a paper by Kennelly on page 49 of the current volume of the ANNALS. 

§ Alge braische Analysis, 3d ed., 1862, §31. See also Compendium d. hoheren Analysis, vol. 
1, §40, and Picard’s T'raité d'analyse, 2d ed., vol. 1, p. 251. 
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I. The series 
(27) b, sin x + by sin 2x2 + b, sin 3x + - 
converges for all values of x provided that 


1) lim b,=0, and 


r=2 
2) a positive integer N exists such that 


6b, 2b 


,_= when n 2 N. 


n+l 


It will be noticed that according to conditions 1) and 2) the coefficients 
in the series beginning with 4, will be all positive, unless indeed they all 
vanish after a certain point. 

To prove this theorem we will denote the sum of the first n terms of the 
series by S,,(x), and write : 


‘=n =n 


nn ») . 
2sin :: Sat) = >> 24, sin : sin vr = N° h, (cos = he xz — cos tt r) 
2 dom Z = z Z 
’ xr 7 BY a ar 
= b; se —(h, — hs) cos a —(hy — 4.) cos a ae os 


(2n—1)z 


2n 12 
= (ya -_ b,,)cos » wis b,, cos \ 2 ° 


If x has a value for which sin(« 2) + 0, we may write: 


n 


r ‘  — 
(2n + l)z hy cos —_— = (4, _1— h, ycos = - 
COs = . 4 > 
(28) iS, (x) =— 4,— —- - 4 = . 
2 sin 2 sin - 
2 2 


The first fraction which stands here approaches zero as n becomes infinite, 
since, by 1), 4,, approaches zero. It is therefore merely necessary, in order 
to prove (27) convergent, to show that the second fraction approaches a finite 
limit, i. e. that the series 


(29) > (1 — b,yeos OPE 1 )x 
2 
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converges. The absolute values of the terms of this series are respectively 
less than the absolute values of the corresponding terms of the series 


L 


> 2 (b,-4 re b,), 


and since, by 1), this series is convergent, and, by 2), contains after a 
certain point no negative terms, it follows that (29) is absolutely convergent. 

Thus the convergence of (27) is established except when sin(x/2)= 0, i.e. 
except at the points z = + 2/7, but at these points the series obviously con- 
verges since all its terms vanish.* 

This theorem of Schlémilch may be extended as follows :f 

Il. The series (27) whose coefficients satisfy conditions 1) and 2) con- 


Teer eae enti ate nane 


veryes uniformly in any interval which does not include or reach up to any of 
the points « = + 2k. 

In order to prove this let us denote by /?,(.) the remainder of the series 
(27) after the first x terms, so that we have by (28) : 


») . x . ea a 
b, COS ( ci a . e — po (b,-1 — b,)cos ith 
(30) £&,(2) =—————————_ es 





. & 
2 sin — 


2 





*By replacing z by + + # in (27), we see that if conditions 1) and 2) of I are ful- 
filled, the series 


b; sin g — be sin 22 + by; sin 384 —° °° 


converges for all values of z. Besides these two theorems Schlémilch establishes by entirely 
analogous reasoning the following two: 


Orne we. - ey 


If lim a, = 0, and a positive integer N exists such that 


iti=>2 


G. = Aas) whenn ZN 


a 


then the series: 
4 ay + a, cos x + a, cos 24 + °° 


converges except when x = + 2kr, and the series 
4 a — a, cos x + a, cos 2x —* °° 


converges except when x = + (2k—1) =. 
+ The other theorems of Schidmilch, referred to in the preceding foot-note, admit of 


similar extension. 
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Let us here take n 2 N sothat J, and all the differences 4, , — 4, which occur 
here are positive or zero, and let us denote by c a constant such that through- 
out the interval we are considering 


Then we have throughout our interval 


b, + > (6,1 —4,) 


n 
. n+l n 
x)| = = —, 
Rix) om : 
from which inequality, together with condition 1), the uniform convergence of 
(27) follows at once. 
Let us now consider a special function V(x) defined as follows : 


{v() ="5" QO<2z < 2n, 
(31) ; 


luce + 2m) = ¥(2) z 40, + 2m, 4-40, -- 


This function is not defined at all at the points + 2/47, and obviously has 
finite jumps of amounts 7 at each of 
these points. The curve y = V(x) 
consists of an intinite number of 

37 ez lo z er pieces of parallel straight lines as is 
oe Ne ~~ indicated in the diagram. The func- 
tion W(x) being an odd function, 

the same will be true of the fune- 


tion V(x)cos nz, so that all the Fourier’s constants a, are zero. On the 
other hand V(zx)sin nz being even, we have: 











2 [("r-—2z ., l 
6, = = —— sinnxdzx=- , 
T Jy 2 n 


and the Fourier’s development for V(x) is 


, ; sin2x sin3er 
(32) sin x” + — 4 — ihe 4 
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This series is of the type considered in theoremsI and II.* It must therefore, 
by theorem I of §4, converge to the value V(x) at all points where this func- 
tion is continuous, while at the points x = + 2km it converges (by II §4) to 
the value 


a(V(x +0) 4+ V(x — 0)) - a(5 om 3) = 


as is also seen directly from the form of the series (32). Thus we have es- 
tablished the theorem : 

III. The Fourier's development of the function V(x) converges to the 
value V(x) at all points where this function is continuous, and to the value 
[V(x + 0) + W(x —0)] at all points where it is discontinuous. It con- 
verges uniformly throughout any interval which does not include or reach up to 
a point of discontinuity. t 


7. Convergence of the Fourier’s Expansion of Functions with 
Finite Jumps. We can generalize from the special function of the last 
section by successive steps. 

1) We consider the function 


V,(x) = V(x — a) (-w<asm), 


which is continuous except at the points x = a,a427,ai47,---at each 
of which it has a jump of amount 7. Replacing x by x — a in (32) we find: 


(33) V(r) = > (- ee cos nx + “ ne sin nz) 
t 
1 








n 


except at the points of discontinuity where the series has the value 
4[V.(~ + 0) + V(x —0)]. Moreover, as we see by theorem VII of §1, 











* We note in passing that such a series as 


sin 3x sin 5z 


sinz + 3 + & 





o> 


would not be of this type. 

t This fact may easily be proved, without making use of theorems I and II, by using a 
formula for the sum of the first n terms of (32) which will be found below in formula (47). 
Cf. Kneser: Sitzungsberichte d. Berl. math. Ges., Feb. 1904, p. 33. This isan Appendix to 
Archiv d. Math, u. Phys., ser. 3, vol. 7. 

¢ The fundamental idea is here analogous to that used by Kneser in the paper referred to 
in the last foot-note. The details, however. are wholly different and decidedly simpler. 
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formula (33) gives the Fourier’s development of V,(z). Thus we see that 
theorem III of §6 holds without change if W(x) is replaced by V,(x). 
2) The function 





 W.(2) 
eT 


differs from V_(2) only in having finite jumps of magnitude X instead of jumps 
of magnitude 7. Its Fourier’s development will (by VI, §1) be obtained by 
multiplying (33) by the constant A/7. Thus if this function be put in place 


Ps a ~ 






ii % -_ . . 
ee of VY, theorem III of §6 will still hold. 
H » 3) Leta, --- a* be arbitrarily chosen points in the interval — 7< 257, 
i e and 2X4, --- A, arbitrarily chosen constants, and consider the function 
|e . ¥ Ay 
i | ee (34) F(x)= — Vi(2) +--+ + —Wa(z). 

fe 4 ails _ 

‘| This function is continuous everywhere except at the points a@,, --- a, and 

4\ oe points differing from them by multiples of 27, at which points it has finite 
' 


jumps of magnitudes Ay, --- A; respectively. The Fourier’s development of 

™ yx) will, by theorem V, $1, be obtained by adding together the Fourier’s 

developments of the functions — VW, (7). These being of the form consid- 
-% 


A it a hte lain i 


ered under 2), we see that theorem III of §6 holds if for W(x) is substituted 

F(x). Moreover we note that F(x) has a derivative at every point where it 
ix continuous, and that this derivative has the value zero,® since this is true of 

the functions V,(7). 

4) Finally let us consider ony function f(z) of period 27 which in any 
finite interval has no other discontinuities than a finite number of finite jumps, 
and which has a first derivative which has in any finite interval only a finite 
number of finite discontinuities. Denote by a,, +--+ a, the points of discon- 
tinuity of f(z) which lie in the interval — 7 <x S 7, and by Ay, - ++ Ay the 
amounts of the jumps at these points. The function F(x) having the same 
meaning as in 3), let us consider the function 








(35) P(r) =f(x) — F(z). 


This function has the period 27 and is continuous except at the points where 
fanl are discontinuous. Moreover, since at each of these points fand F 


* Graphically this means that the curve y = Fz) consists of pieces of straight lines. 
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have finite jumps of the same magnitude, ® has a finite jump there of magni- 
tude zero, i. e. the discontinuity of ® is due merely to the fact that it is not 
defined at this point. Let us then add to the definition of ® by defining it at 
each point where fis discontinuous to have the value ®(« + 0)= B(x — 0). 
The function ® will then be everywhere continuous, and its derivative will 
have in any finite interval at most a finite number of finite discontinuities. 
It follows from theorem II of §5 that the Fourier’s development of ®(z) 
converges uniformly to the value @(x2) for alk values of w. Since the 
Fourier’s development of /'(2) converges by 3) to the value #'(x) uniformly 
throughout any interval not including or reaching up to any of its points of 
discontinuity, and since we have for all points where /() is continuous : 


A ere eet er etertes aea me Sh oe 
: ee paper 


f(x) = @(2) + F(x), 


it follows from theorem V of §1 that the Fourier’s development of (2) con- 
verges uniformly to the value f(z) throughout any interval which does not in- 
clude or reach up to any discontinuity of f(2). Finally at a point of discon- 
tinuity of / the function /’ is also discontinuous, but its Fourier’s development 
converges, as we sawin 3), to the value 4 [/(2 +0) + F(x—0)]}. At 
such a point the Fourier’s development of ®(.) converges to the value ®(2), 
or, as we may write it if we choose, } [P(x + 0) + ®(2—0)]. Accord- 
ingly, using theorem V of §1 again, the Fouricr’s development of (2) con- 
verges here to the value 3[ f(« + 0) + f(2 —0)].* We have thus established 
the theorem : 
I. Uf f(x) has the period 27 and in any finite interval has no other 
discontinuities than a finite number of finite jumps, and if f(x) has a 
derivative which in any finite interval has no other discontinuities than 
a finite number of finite discontinuities, t then the Fourier’s development of f(x) 
converges to the value f(x) at all points where f is continuous, and to the value 
4 [ f(x + 0) + f(x — 0)] when f is discontinuous. Moreover the convergence 
is uniform throughout any interval which does not include or reach up to a point 


of discontinuity of f. 


* [t should be noted that we have avoided making use of theorem II of §4 since the sim- 

plification to be gained by such use would be insignificant. 
| t The proof applies without change to the more general case in which we merely re- 
| quire that [ (x) }* be integrable throughout any finite interval. Cf. the foot-note to theorem 
II of §5. 
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8. The Differentiation and Integration of Fourier’s Series. 
We will take as our starting point the following purely formal theorem which 
makes no reference to the convergence of the series. 

I. If f(x) is a continuous function with period 27 and has a derivative 
f(x) which in any finite interval is continuous except for a finite number of 
finite discontinuities,* then the Fourier’s development of f(x) may be obtained 
by differentiating terin by term the Fourier’s development of f(x). 

This theorem has practically been already proved in §4 (see formula 


(26) ), for we saw there that if a,, 6, are the Fourier’s constants of (2) and 
a), 4), those of 7’(xz) then: 
ai.=nb,, j= —na,, 


and these are precisely the coefficients in the series we obtain by differentia- 
ting term by term the Fourier’s development of f(z). 

This theorem may be made more than merely a formal one by imposing 
on the function /(x) further conditions which will secure the convergence of 
the Fourier’s development of /’(x).t We thus obtain, by applying the theo- 
rem a number of times, the following result: 

Il. Jf the continuous function f(x) with period 27 has continuous deriv- 
atives of the first n — 1 orders f(x), ---f"~' (x), and a derivative of the 
n order f\") (x2) which is continuous throughout any finite interval except for 
a finite number of finite discontinuities, then the Fourier's development of f(x) 
may be differentiated term hy term n — 1 times, and, provided f\"\(x) admits 
a convergent Fourier’s development, it may be differentiated term by term n 
times. 

Before going further with the subject of differentiation let us turn to the 
subject of the integration. The simplest case would be that in which (2) is 
eontinuous and has a derivative which in any finite interval has only a finite 
number of finite discontinuities. The Fourier’s development of such a func- 
tion (being uniformly convergent by theorem II §5) may be integrated term 
by term between any two finite limits. When we have to deal with the more 
general case referred to in theorem I of §7 this is no longer so obvious if we 


* This theorem remains true if J’ is finite and integrable in Riemann’s sense, or even if f7 
is not finite, but | f(r) is integrable. A corresponding generalization may be made in the 
subsequent theorems. 


+ The conditions already imposed are, by §5 theorem II, enough to secure the convergence 
of the Fourier’s development for f(z). 
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wish to integrate up to or over a point of diseontinuity of f(z). A eloser ex- 
amination, which we shall make in the next section, of the nature of the con- 
vergence near such a point of discontinuity would enable us to infer here also 
that we have a right to integrate term by term. These are, however, merely 
special cases of the following far more general theorem due to la Vallée 
Poussin (1. c., p. 32) ; 

II. Jf f(x) has the period 27, and in any finite interval is continuous 
excepl for a finite number of finite discontinuities, then, although the Fourier’s 
development of f(x) ’ 


$ a +> (a, cos nx + b, sin nx) 
I 


need not converge, the integral of f(x) between any two finite limits may be 


obtained by integrating this series term hy term between these limits, and, if 


F(x) denotes the yeneral continuous indefinite inteyral of f(x), it will be given 
by the convergent series ‘ 


20° is TY ‘ r an. b, 
(36) F(xz)=C+ 4ae +2 (2 sin nx — = cos nz) 


For we may write F(x) = f‘, f(x) dx + c, and therefore we have 


F(a + 27) = F(x) +| J(2)dzx = F(x) + a). 
Accordingly #'\(x) — $a x has the period 27, and since it is continuous 
and has as its derivative f(©) — $a, it can be developed in a convergent 


Fourier’s series: 


(37) F(2)— gaqe= C+ (An cos nz + B, sin n2z)- 
1 


By theorem I, the result of differentiating this series term by term is to give 
the Fourier’s development of f(x) — $4 , that is the series 


ps (a, cos nx + 6, sin nx). 
1 


Accordingly 
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Substituting these values, formula (37) reduces to (36), which is thus estab- 
lished. 

The remaining part of our theorem, concerning the detinite integral of 
f(£), now follows at once. For the terms of (36) are indefinite integrals of 
the corresponding terms of the Fourier’s development of f(x), so that if in 
the equation 


[rou = F(8) — F(a) 


we replace /(8) and F(a) by their values from (36), the second member 
reduces to the series formed by integrating term by term from a to 8 the 
Fourier’s development of f(2). Thus our theorem is proved.* 





*A generalization of this theorem which is often useful is the following : 

IIL’ Uf fic) and (2) are sinite and integrable functions, and f has the period 27, the integral 
between any tiv Jinite limits of the product of f¢ may be obtained by multiplying the Fourier’s de- 
velopment of J by o, and then integrating term by term. 

In proving this theorem it will be sufficient to consider the case in which the distance 
between the limits of integration does not exceed 27, since a longer interval could be cut 
up into pieces each of which is of a length vot greater than 2. We may even suppose 
the distance between the limits of integration exactly equal to 2, for if this length were 
less than 2x we could regard ¢(2) as having the value zero everywhere outside of the in- 
terval of integration; and we could then, without affecting the result, extend our intervai 
of integration until it is of length 27. Finally we may obviously suppose the integration to 
take place in the positive direction, the opposite case being at once reducible to this. Thus 
we have finally to establish the formula 


Zz 
Sor f(x)o(x)dr =) “4, Sot oix)dr +3 _— (a, cos nz + bh, sinnr)¢(r)dz, 
where the a's and /’s are the Fourier’s constants of f(z). If now we regard ¢@ as defined 
outside of the interval ¢ < + ¢+ 27 so that it has the period 27, and denote its 


Fourier’s constants by a, and §,, then, remembering that f and ¢ both have the period 27, 
the formula we wish to establish reduces to 


LA 
-. S(2)o(r)dr = x[h 4,0, + S(anan + 4,8.) }. 
i 


and this is precisely the generalization of formula (25) §4 which was established tn the foot 
note on p. 107. 


This proof shows at once that the restriction that f and @ be finite was not necessary. 
It is sufficient to require that \ f(z) ? and } (2) {-be integrable. There are, however, other 
cases of some importance to which the proof here given does not apply, but in which the 
theorem remains true. An application of the results of §9 shows that this wiH be the case 


if | g(x) | is integrable and f(x) satisfies the conditions of theorem I §7. 
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We are now in a position to see clearly the necessity in theorem I for 
the requirement that f(x) be continuous. If in that theorem f(a) had finite 
discontinuities, we could reason as follows. If by differentiating the Fourier’s 
development of 7(x) we did obtain the Fourier’s development of /’(x), then 
this development would contain no constant term, and therefore by theorem 
II] the Fourier’s development of f(z) would represent a continuous indefinite 
integral of f"(a) : but this is possible only if f(z) is either continuous or has 
no other discontinuities than finite jumps of magnitude zero (see the first foot- 
note on p- 89). We thus have the result: 


IV. Uf f(x)has the period 27, and in any finite interval f(x) and its de- 
rivative f'(x) are continuous except for a finite number of finite discontinuities, 
then the series obtained by differentiating the Fourier’s development of f(x) 
will Le the Fourier’s development of f'(x) when and only when f(x) has no 
discontinuities except removable discontinuities. 


Although this theorem shows us that by differentiating term by term the 
Fourier’s development of a discontinuous function f(z) we shall not be led to 
the Fourier’s development of f(x) it would still be conceivable that the trigo- 
nometric series to which we are led might converge to the value f'(x). It 
would be possible to prove that, at least in the simpler cases, this will not 
occur. The result being, however, of a merely negative character we will not 
stop to establish it here. 


A wholly different problem presents itself to us if we start from a trigo- 
nometric series without knowing anything about the function which it rep- 
resents, or even that the series is a Fourier’s series, and wish first to ascertain 
whether the function represented by the series has a derivative; and second, 
if such a derivative exists, to find an expression for it in the form of a series. 
The most obvious answer to the question which here presents itself is given 
by the following theorem, which is merely an application to this case of one of 
the fundamental theorems in the theory of uniform convergence. 

V. If the trigonometric series 


(38) S* (a, cosnr + 5, sin nz)* 
2 





* From here on we take the series without constant term since the presence of such 
a term would obviously have no effect on our theorems. 
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converges for a particular value c of x, and if the serves 
x 


(39) > (— na,sinne + nb, cos nz), 
1 : 

obtained by differentiating it term by term, converges uniformly throughout an 
interval A =x = B which includes the point c, then (38) will converge through- 
out this interval* and the function f(x) represented by it has throughout this 
interval a derivative represented by (3%). 

In the case of many of the simplest and most important series, however, 
(cf. the series in (32) above) this theorem fails to give us any information, as 
the series (39) diverges except at isolated points. We proceed therefore to 
establish a further criterion due to Lerch. f 

We again assume that (38) converges when x = c, and we will suppose 
that c does not have any of the values, 0, + 7, + 277, ---; and we consider 
an interval A = x <= B which includes the point ¢ but does not include any of 
the points + nw. Let us denote by S,(xz) the sum of the first / terms of (38), 
and by Sj(x) the derivative of S,(x), i.e. the sum of the first & terms of 
(39). Consider now the function} 


k 
(40) 2sinz S,(x) = >> \— 2na,, sin nx sin x + 2nb, cos nz sin x | 


‘ 
=> | na, [c08(n + 1)x — cos(n — 1)z]} 
1 


+ nb,[sin(n + 1)x — sin(n — »z)} 
k-1 
= | Cn — 1)a,_, —(n+ 1)a,4,]cosnx 
0 


+[(n—1)b,_,; — (n+ Ibn }sinnz| + R,(z), 
where for convenience we write a_, = b_, = a, = ), = 0, and 
(41) R,(x) =(k — 1)ay_, cos kx + (k — 1)by_, sin kx 
+ ka, cos(k + 1)a + kh, sin(k + 1)z. 





* We may add, if we wish, that it will converge uniformly there. 

+ Annales de l’Ecole Normale supérieure, Ser. 3, vol. 12 (1895), p. 351. 

¢ The identity of the method here used with that employed by Schlémilch (cf. §6) will be 
at once obvious. 
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If the conditions of theorem V were fulfilled, 22,.(2) would approach zero 
uniformly as & becomes infinite,* and S).(x2) would approach unifarmly the de- 
rivative f’(.c) of the function represented by (38). Accordingly the series 

an 


(42) 0 [(m—l)a,_, —(u +lya 


, . _ } 
lcosna +f (n—1)b,_)—(n + 1)4,, 2, |sinne > 


n+l uM 


would converge uniformly to the value 2sinz/'(2). This will also be true 
in many cases in which the conditions of theorem V are not fulfilled, as we 
will now show. ; 

Let us assume that the series (42) converges uniformly throughout the 
interval «A S 2 S B. The same will therefore be true of the series 


‘i . 
~« ( COS nL .psin ies) 
“ d (Mw l a. 2 -— (8 + ] Gn +} : + n— 7 1 n+ } \h,, 14 ; > 
— | 2 sing 2sing | 


If we denote by g(r) the continuous function represented by this series we 
therefore have 


k-1 


2 sal 4 te ie ( COS VS 


sin Pe | 
oat g ~- 1 yh, y— (n+ Yu dx. 


? xin wy 


Let us now consider the integral 


+ Rie kd m " oe 
a 5 COS we - s we 
| te a dr hs {an 9 a4 | dze+(n— 1 \h, | de>. 


2sina 2sinas 2 sine | 


Integrating by parts we may write 


Teos nr sin ar sin ne 1 ("cose sinar 
; dx = . — — + pe a, 
sina nsine nsine n |, sine 
(44) Sas gee 
sin na COS NI’ cos ne ] COS & COS 124 
5 dv = — . at : - ——> dx, 
sInw nsinw nsine n fe sink 


* For (39) being uniformly convergent, its coetlicients ka, and kb}, would approach zero as 
k becomes infinite (cf. I§14, foot-note ). 
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Now introduce a positive constant AT such that throughout our interval 
sin?z > A, and remember that the length of our interval is < 7 < 4. We then 
see that both integrals (44) are in absolute value less than 6/(n/t). Accord- 
ingly we may write 


"s " . 3 
| Liye) 9, P=. { ya | + | Ops | + |g |+|8> 


2sine Ay | 


If, then, we add to our other assumptions the further one that a, and 4, ap- 
proach zero as 4 becomes infinite, we get the result: 


(45) lim [ By («) dx = 0.* 


box J, 2sinz 


Let us now return to formula (40), and, after dividing both sides by 
2 sin, integrate it from ¢ to any point # in the interval d= «© Ss B. The 
expression which we thus get on the right is seen, by (45) and (45), to ap- 
proach f* y(2)dx as its limit as 4 becomes infinite. The same must therefore 
be true of S,(2) — S,(¢) which is what stands on the left. But, since we 
have assumed that (3%) converges when x = c¢, or in other words that S;(c) 
approaches a finite limit as 4 becomes infinite, it follows that S;(2) must also 
approach a finite limit when /4 becomes infinite. Denoting this value, that is 
the value of (38), by f(a) we thus have 


‘se 


f(x) — I(¢) = | a(a)yde. 


From this equation we infer that f(7) has a derivative, and that this derivative 
is g(x). Thus we have established the following theorem : 
VI. Uf the trigonometric series (38) converges fora particular value ¢ of x 


which is not an integral multiple of mw, and if 


lim , = lim 7 _ 0, 
n= n 1 


* The inequality last written shows that this limit is approached uniformly for all values 
of g in the interval A sz = B. 
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then throughout an interval A =x = Bwhich includes c but does not include 
any integral multiple of 1, the series (38) will converge* and the function f(x) 
represented by it will have a derivative f'(x) given by the equation 


2sinz f(r) = Ss 


0 


[(u — lya,_, — (n + 1), 4)] cos nx 
t+ [(m—1)b6,_, —(m + 1)b, 44] sin nel, 


(where a_, = b_, = 0) = b) = 0), provided the series just written converges 
uniformly throughout the interval A = 2 Sb. 

That this theorem is really more general than V_ will be seen by applying 
it to the special series (52) and to many other similar ones. For further 
applications the article of Lerch above cited should be consulted. 


9. The Character of the Convergence near a Finite Jump. 
Gibbs’s Phenomenon. In an interval which includes or reaches up to a 
point where f(z) is discontinuous the Fourier’s development of f(2) cannot 
converge uniformly, since a uniformly convergent series of continuous func- 
tions necessarily represents a continuous function. Confining our attention 
to a point where f(x) has a finite jump, we wish in this section to get as clear 
an idea as possible of the nature of the convergence in the neighborhood of 
this point. 

For this purpose we begin by considering the special function V(x) of 
§6.¢ We will denote by S,(7) the sum of the first n terms of the Fourier’s 
expansion (32) of V(x) : 
sin 27 sin nx 


= —-— Freee — 
2 n 








S,(2) = sing + 


r 
=| [cosa + cos 2a + +++ + COS na |da. 
0 





* We may add, if we wish, that (38) converges uniformly throughout this interval. The 
proof just given may be readily seen to establish this fact also, since, as was remarked 
in the last foot-note, the limit in (45) is approached uniformly, and the same is true of the 
limit in (43), since the integral from ¢ to x of a uniformly convergent series is itself uniformly 
convergent. 

+ For a similar treatment of another special function cf. Runge’s book Theorie und Praz- 
is der Reihen, Leipzig, 1904, pp.170-180. 
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If we let = cosa + /sina, the sum of cosines which stands here under 


the integral sign is the real part of the geometric progression 
_ ntl 
Ln ( 


ah 


By an easy trigonometric reduction we thus establish the formula 


sin(n + 1)a 


(40) cosa + cos 2a +--+ + cosna = — § + 
2sin 
2 
Substituting this above gives 
” Dy sin(a ~ 4)a 
(47) S,(2£)=- 4 | —- da. 
? A a 


? sin : 


We will denote by /7?,(2) the remainder of the series (32) after the n™ term. 
If we contine our attention to the interval O <a < 27, in which W(2z) 


4 (7 — sr), we may write 


7 “sin(n + 4)a 
(48) Ro(2) tia | - da (0 <2 < Be). 
@ u 


2 sin - 
Let us now enquire at what points the approximation to the function V(r) 
given by S, (7) is worst, i. e. for what points /?,(7) has a positive maximum 
or a negative minimum, « being regarded as fixed. Differentiating (48) we 
tind 

; sin(n * Ayr 
(461) P' (x) = —_— - (Q< az; 27). 
. # 
2sin 

This expression vanishes when and only when « has one of the following 
values: 


= 2or lor 67 dur 
(sit) ) Cs » . So — is « # — . 
2 ; 2n +1 


By considering the sign of Ji (2) for points on both sides of each of these 


points 7, we see that J?,(7) has minima at the points 21, 73, 75. +--+, maxima 
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at the points x, 2, %, ---. In order to show that | /?,(x)| has maxima at 
all of these points it would be necessary to prove that /?,,(x) is negative at all 
the points x), 23, 2%, +--+, positive’atall the points 2, 7%, %,---. This is 
true,* but we will not stop to prove it, since we need to know it merely for 
large values of x, and that we shall learn in the course of our work. 

We will now throw /?2,() into a different form. For this purpose, 
modify the expression (48) for /?,(2) by adding and subtracting the quantity 


‘L gj a. * ‘“Htb2 sing 
[ In(n 4+-4)a die =| one dz. 
1) a J " 

We thus get 


- n+} ares x 
(51) h(a) = . — | : dx + 1,(*), 
where 

“Isinla — 
(92) [,(*) = | - = sin(n + })ada, 


An integration by parts gives 


r—2sinlga  cos(n + l)e 


I(x) = - 


tj 


2vsing« n+ 


cos(n + 4)ada. 


l <= — 4sin? la 
o 


n+. 4da* sin? ha 
The two functions 
x — ?sinia cos hx — 4+sin? har 
2ersin4a ’ fx? sin? hax ; 


which occur in this expression, both become infinite when x = 27. If we con- 
fine our attention to an interval 0 = x S 4 where 6 < 27, we see that both these 
functions are continuous throughout this interval except at the point x = 0 


* The proof follows at once from theorem IX of §10 according to which R.(x) changes 


sign at least 2n + 2 times in the intervalO <7 2. Since R,,(+ 0) = 47, R,(— 0) = — 4r, 
R.(r) must change sign at least 2v + 1 times in the interval 0 < 7 < 27. It cannot change sign 
more than once in any of the intervals 07), 7; 22... .4:,, 2, for otherwise P",(7) would vanish in 


this interval. Accordingly 2,,(.7) changes’sign just once between 0 and +), once between 7; and 
ro, ete. Since BR..(+ 0) is positive it follows that f,(+) is alternately negative and positive at 


the points 7), 72... + Tan 
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where they are not defined, and that they both approach finite limits as x ap- 
proaches zero. It is therefore possible to find a positive constant .W such 
that 


x—2sinjz tlatcosta — 4sin?Ja 
oe | | 2 2" da<M, (O<x<h, b<2r). 
a? 
0 


2asin3 sz 4a* sin? ha 


We thus obtain the inequality 


2M 
I,(") : ee (QO<a-b, b~ 27). 


This inequality shows that /,(2) approaches zero as n becomes infinite not 
merely if x remains fixed but also if x is allowed to vary in any manner what- 
ever with n, subject merely to the inequality 0 < a < 4. 
Let us now go back to formula (51) and use it to express the value of 2, 
at the points (50) : 
_ ‘he of . Ey» 
(53) R,(z,) = 5 - | ws dx + I, 7 


Z 2h + 


Here we regard 4 as a given positive integer. If now we allow n to be- 
come infinite, the first two terms remain constant while the last term, as we 
have just seen, approaches zero. Accordingly we may write 


ne » 


(54) P= lim R,(%) = 7 [- sine 


We now recall the well known formula * 


(55) > = [ — dx =, + U;+ Me+---, 

where 
‘(C+D sing : 

(56) u; = | dy (¢=0,1,2,---); 
ix x 


and we notice that the quantity /’, defined in (54) is merely the remainder of 
the series (55) after the first 4 terms: 


(57) Py = Ug + Uppy t+ Meye t 





* See for instance Jordan, Cours danalyse, vol. 2, p. 104. or Vieard, 


2, Traité d'analyse, 
vol. 2, p. 168 (1st edition, p. 156). 
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From their definition (56), we see that the constants u,; are positive when 7 is 
even, negative when ¢ is odd and that they satisfy the inequality 


2 “G+D9 gin x G+) gin x 2 
(58). = — dx <j|u,| < —— de! —, 
(0+ 1)r a (¢ + Ll)r a ‘1T vr 
so that u.) <u, ) and lim u, = 0. 
i=—se 


The series (55) therefore belongs to the simple class of series whose terms 
1) are alternately positive and negative, 
? continually decrease in numerical value, 
4) approach the limit zero. 
In such a series it is well known, and at once evident, that the remainder 
’, has the same sign as u,, so that /, is positive when & is even, negative 
when & is odd. The same will therefore be true of /,(2,), at least for large 
values of n, as was stated above. 
Moreover since 
P= Up + Up ?- Psa, 
and since u, + “,,, has the same sign as P,..,, we have 
P,| = | um + pail + P42 ’ 
and accordingly 
(59) |Pe| > | Pe+re|® (k= 1,2,---). 
*It is in fact true that 
| Pe| >| Petil, 
as is fairly obvious from the numerical values given below. To prove this, however, it is ne- 
cessary to get for the u’s somewhat closer inequalities than those contained in formula (58) 
Such inequalities, which, as we shall see in a moment, are also useful for purposes of numer- 
ical computation, may be obtained as follows. 
Throughout the interval kr — 2 < (k +1) r theordinates of the equilateral hyperbola 
y = 1/zare smaller than the corresponding ordinates of the chord which joins the two ends of 


this arc, and greater, except at the point of contact, than the ordinates of the tangent drawn 
at the point of the curve whose abscissa is (k +4) 7. Hence: 


1 r + 2k# +1 : 
4 ; hk + 1) * kik + L)r 

ker (k+1)z. 
_ ty 4 


(2k + 1) tet + (2k + 1) 
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The numerical values of the constants uo, “,, +++ may be computed to 
any desired degree of accuracy by methods of mechanical quadrature or other 
methods of approximation.* We thus tind: 


U= 1.8519, u,= 0.142, 
u, = — 0.454, us = — O.116, 
w= 0.257, MW, = 0.098, 
ut. = — 0.183, 


while from here on the values are given to four places of decimals by the 
following formula (cf. the two preceeding foot-notes) : 


4 . 


sees sate ik i 0 < e < 0.0001 when & 2 7). 
Uy. (Qk+ l)e €; ( €; when ‘) 


Accordingly : 


i whet die r oF 4 1. 
| w, | < ; — : — af 2k +1 siunzdz — oh + | Gets... dks * 
; Jka K(k + 1)r? kik + 1) kik +o 
A)< 


“k+l er ‘er { ' 
i : : + sinrdr = “=0, 1,2, .. 
| k j,. ( tk + 1jtwt | (Qk nz) ee Yk + lon 


_ 
From these inequalities we readily deduce the following ones (i = 0.1, 2,... 


12i+ 1s 


u.|—|u i= Usp l— | Mia > 0. 
i i+] i | i+2 “(Et 1) Ft 2) 27 +1) (2 + 
Now: 
=z ‘=z 
- > o_ a 
[Pel = 2 Cl “e4a]— | 24241) ). Prat] = 2 (l"epa41) — |[“e+a42!)- 
v= rast) 


and, since by the last written inequality every term in the first series is greater than the corre- 
sponding term in the second, it follows that | Pe| >| Pea 1]. 

* The computation of u% may be readily effected by using the Maclaurin’s development of 
sing. A fair approximation for the subsequent u's is given by the inequalities (A) of the pre- 
ceeding foot-note. A decidedly better result is obtained by replacing the “»st of these inequal- 
ities by: 

, wk+1 2 
a kik +l) kik +1) (2k + 1)? 


| u 


a formula obtained by replacing, in the interval 4 r ~~ z k +1), the arc of the equilateral 
hyperbola by the broken line formed by joining the extremities of this are with the point on 
it whose abscissa is (4 +4) 7. [ Note added Feb. 3, 1906: In the January number of the Amer- 
ican Mathematical Monthly (p. 12), which has just been issued, I find all but the last of the nu- 
merical values which I have here given worked out by a wholly different method by S. A. Corey. 
The values are there given to six decimal places. } 
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Starting from the value P, = 37, and using the relation P, = u, + P, +4, 
we readily get the values: 


P,= 1.5708, P,= 0.079, 
P, = — 0.2811, P, = — 0.063, 
P,= 0.153, ~= 0.053, 
P, = — 0.104, P. = — 0.045. 


A little reflection will show the bearing of these figures on the question 
as tu how the function V(x) is approximated to near the origin by the first n 
terms of its Fourier’s expansion. For this purpose consider the two curves 


y= V(x), y=8,(2), 


the second of which we will call the n™ approximation curve. It follows at 
once from the results just obtained that the ordinates of this approximation curve 
are too large at the points x,, x3, - - -, too small at the points x, 2,, ---. The 
approximation curve therefore has the form of a wavy line which keeps cross- 
ing the line VY and which reaches its greatest distances from this line (these 
distances being measured parallel to the axis of y) at the points x, 72, 23, +++. 
Moreover these greatest distances are, for large values of x, approximately 
equal to their limiting values, 7, P?,, 3, ---. Accordingly, and this is the 
remarkable phenomenon first noticed by Gibbs,* the height of these waves does 
not approach zero as k becomes infinite. It is true that if we fix our attention 
on any interval which does not include or reach up to a point of discontinuity 
of V, the heights of all the waves in this interval approach zero as their limit, 
since by theorem III of §6 the series converges uniformly in this interval. If, 
however, we fix on a particular wave determined as the first, second, or in 
general the A“ to the right of the origin, the height of that particular wave 
as n becomes infinite approaches a finite limit P, different from zero. At 
the same time this wave is moving up nearer and nearer to the origin. 

Since both V(x) and S,(x) are odd functions of 2, it is clear that the 
method of approximation to the left of the origin will be essentially the same 
as to the right. This method of approximation is of course repeated at all the 
points of discontinuity of V. 


* Nature, vol. 59, 1899, p. 606. The same thing was subsequently noticed by Poincaré, 
ib., vol. 60, p. 52. 
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This is brought out very clearly, both for the function Y and for special 
eases of other functions which we shall consider presently, in the diagrams 
constructed by Michelson and Stratton by means of their Harmonic Analyser 
with which the approximation curves (x = 80) for any function which can be 
represented by a pure sine or a pure cosine series may be constructed me- 
chanically.* 

We can now easily generalize from the function V to more general func- 
tions along the lines of $7 

In the first place, all we have said concerning W will obviously hold for 
the function V,(2) if we remember that the discontinuity of this function, and 
therefore also the non-vanishing waves of the approximation curves, will be at 
the point x = a instead of the point x = 0. 

Considering next the function 


y. (x), 
T 


we see that the ordinates of all curves have been changed in a constant ratio. 
The heights of the waves will therefore also be changed in this ratio, but since 
the same is true of the magnitude of the finite jump at a, the ratio of the 
heights of the waves to the magnitude of this jump will be unaltered. 

Finally we pass by steps 3) and 4) of §7 to the function f(2) by adding 
to the function last considered other functions which are continuous at a and 
whose Fourier’s developments converge uniformly throughout the neighbor- 
hood of a. This has, on the one hand, no effect on the magnitude of the 
jump in our function, and, on the other hand, no essential effect when n is 
large on the heights of the non-vanishing waves of the approximation curve 
y = S,,(«), since the remainders of the Fourier’s series which have been added 
ar’ uniformly small. Thus we get the following general result: 


* For an account of the machine accompanied by extremely interesting plates the reader 
is referred to the Philosophical Magazine, 5th series, vol. 45, 1898, p. 85. That it would not 
have been safe to infer the mathematical fact from these diagrams is strikingly shown by a 
second inference which might have been drawn with about the same degree of certainty from 
them and which would have been erroneons, namely that at a point where the function developed 
is continnons and even analytic a wave whose height does not approach zero as its limit may 
be found; cf. figures 1 and 3 in Plate XII of the article cited. That this appearance is due to 
some imperfection in the machine becomes evident from Plate XVII where this small wave 
will be found in the first approximation curve y = cos z, 
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I, Df f(x) has the period 2m and in any finite interval has no discontinui- 
ties other than a finite number of finite jumps, and if it has a derivative which 
in any finite interval has no discontinuities other than a finite number of finite 
discontinuities, then if a is any point where f(x) has a finite jump of magnitude 
D, and if S,(x) denotes the sum of the first n + | terms in the Fourier’s expan- 
sion of f(x), the curve y = S,(x) will for large values of n pass in almost a 
vertical direction through a point whose abscissa is a and whose ordinate is 
almost equal to 3{ f(a + 0) + f(a—0)]. Thecurve then rises and falls abruptly 
on the two sides of this point to the neighborhood of the curve y = f(x), and 
oscillates about this curve lying alternately above and below it. The highest (or 


lowest)* point of the k™ waves to the right and left of a will, for large values of 


:, . 2 hor , , 
n, lie approximately at the points a + onal’ and the height of these waves will 
Zn 


be approximately — 

Thus, referring to the numerical values given above, we see that the height 
of the first wave on each side will be about 9% of the magnitude of the dis- 
continuity f while for the subsequent waves the corresponding percentage is 
about 5%, 34%, 23%, 2%. 18%, 18% ete. 

Gibbs himself did not enunciate his result in such detail as we have done 
here, nor did he consider any function except the special function VW. For 
this function he made a statement which we generalize as follows: 

II. Jf f(x) satisfies the conditions of theorem 1, then as n becomes infinite 
the approximation curve y = S,(x) approaches uniformly the continuous curve t 
made up of 


(a) the discontinuous curve y = f(x), 
(5) an infinite number of straight lines of finite lengths parallel to the 

*It must be borne in mind that we measure the height of a wave from the curve y = f(x) 
in a direction parallel to the axis of y. 

t More exactly 8.95 %. 

t That the continuous curve y = S.(x) approaches a continuous curve as its limit, while 
the continuous function S,,(72) approaches the discontinuous function f(.c) as its limit seems at 
first sight paradoxical, but the paradox disappears when we recall exactly what we mean by 
saying that one function approaches another. It was the failure to formulate this point clearly 
which led Michelson to maintain (.Vature, vol. 58, 1898. p. 544) that Fourier’s series of the sort 
we are here considering really represent continuous functions. The true state of affairs was 
clearly brought out in the subsequent discussion vols. 58-60, particularly by Love and Gibbs. 
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axis of y and passing through the points a,, a;, +--+ on the axis of x where the 
discontinuities of f(x) occur. [fa is any one of these points, the line in question 
extends between the two points whose 





een a ordinates are 
DP, . DP, 
J(a—W) + » f(a + O)— ‘ 
+ : . 7 bad 
-7 |G, a wr [a,+27 


where D is the magnitude of the jump 
a in f(x) ata, and 











P, =f ie ~ 0088. 
J® r 


The truth of this theorem follows at once from theorem I. It is illus- 
trated by the accompanying figure where the amounts of the jumps at a,,a,) are 
respectively negative and positive. Until Gibbs made his remark it seems to 
have been supposed that the vertical lines extend merely between the points 
whose ordinates are f(a — 0) and f(a + 0). 


10. Finite Trigonometric Series.* This subject, which has al- 
ready been touched upon in §1, is of importance both for its own sake and for 
its relations to the theory of infinite trigonometric series. Both of these 
points of view will be kept in mind in the present section. 

I. The 2k + 1 coefficients in the finite trigonometric series 


hk 


(60) S.(r) = 4a, + N*(a, cosne + 4b, sin nx) 
a 


can he determined in sucha way that 
(61) S.(z;) = y; ((=1,2,--- 2k+41), 


where Yi, +++ Yes, are arbitrarily given constants and x, ++ - Yo, 4 4 are 
arbitrarily given points in the interval — 2 <2 = 7 no two of which are coin- 


cident, 


* In connection with this section the reader may consult: Klein, Auwendung d. Diff.u. 
Int. Rechnung auf Geometrie, Leipzig, 1902, pages 139-171. 





ES 











1906) THEORY OF FOURIER’S SERIES 133 


In order to prove this let us consider the function* 


, £—2. . 2—By» . o—e , &£— Se | 
{ i=2k+! sin » ++ sin Rn OP pee. . = ad 
| (62) —. . 2 2 z 2 
j > Yi —-— a, 
, 2-2 . B— yy . a ey . Ly — Lop 
mt sin — 7: foo aie — —— ede — eee it ee 


None of the quantities in the denominators are zero since x; — x; cannot be a 
multiple of 27. If we can show that this function (62) can be thrown into 
the form (60) our theorem will be established, since (62) obviously satisfies 
conditions (61). We first prove the following 
Lemma :¢ A function of the form 


(a, + A, cosx + y,sinx)(a,+ 8 cosx+ y, sin 2)-- -(a, + 8, cos x + y, sin x) 


can always be expressed in the form (60). 

, Since this lemma is true when 4 = 1, it will be established by the prin- 
ciple of mathematical induction if we can show that any expression of the 
form (a + 8 cos x + y sin x) S,_, (x) can be reduced to the form (60). 
Now we may write cos x S;_,(2) in the form: 








——E 





mete, > (2, cos(n + 1)x+cos(n — Az, b, sin(n + 1)e2+sin(n — »*) 
2 2 2 
which is of the form (60). Similarly we see that sin. S,_, (2) may be 
written in the form (60). Hence (a + 8 cos x + ysin x) S,_, (x) may be 
written in the form (60), and our lemma is established. : 
Going back now to formula (62), we see that, since we may write 7 


_t-& , #~-2 s 
sin —* sin ———* =a + Bcosx+ ¥ sinz, 
» )  g 


- - 


and since the numerator of every fraction in (62) contains an even number 
of factors, every term of (62) can be written as a product of exactly the 


*Cf. Gauss, Werke, vol.3, p. 281. 

+ From this lemma the first part of the following more general theorem fullows at once, 
while the second part is a consequence of De Moivre’s theorem : 

Any polynomial of the k* degree in (sinx, cosx) can be written in the form (60), and : 
conversely, any function of the form (60) can be written asa polynomial in (sin x, cos x) of degree 
not higher than k. 
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form considered in our lemma, and therefore (62) itself can be written in the 
form (60). Thus our theorem is proved. 

In the observational or experimental sciences, we frequently know that a 
certain function f(x) is periodic (we will say for simplicity that it has the 
period 27), but the values of this function are known, by observation or 
otherwise, only when x has the values 7), x, --- x,,, all of which values we 
may suppose to lie in the interval — 7 < «3 7. It is, then, often desired to 
get an approximate expression for s(x) in the form (60), our object being of 
course to make the function S,(x) coincide as closely as possible with f(x) at 
the points x,,---2,,. If m <= 24 + 1 we have just seen that S,(2) can be 
made to coincide absolutely with /f(.c) at these points; otherwise we will 
adopt the principle of the method of least squares, and, writing y; = /(2;), we 
will determine the coeflicients in (60) so that 


~ 


li 
A \\ 


2 
2 


sa 


ty, — S,(4;) 
{ ) 


l 


isa minimum. This method will in fact apply to all cases, since, when the 
coeflicients in (60) can be so determined that S,(2) coincides with (xz) at 
the points z,, this determination is precisely the one which gives to J, its 
minimum value, namely zero. 

We will carry through the method here outlined only in a special case 
which was first treated by Bessel,* namely that in which the points 
Ly, Lo, - ++ Ly, L, + 27 are equally spaced, so that z;,, — 2; = 27/m. More- 
over we will consider merely the case m 2 24 + 1, referring the reader for 
the treatment of the caseft m < 24 + 1 to pages 337-338 of Bessel’s paper. 

In order to make J, a minimum, we follow a method which in all its 
details is closely parallel to that of pages 33-84 of the present paper. We 
have 


6S. (2 6S,.( 2; 68,2; , 
(Ze) Me i) = COS NT ;, : ) = SINNZ;. 
Cu, ou, ch, 





* Astronomische Nachrichten, vol. 6 (1828), p. 333. 

+ This is the problem of determining the most general expression S,(z) which takes on 
arbitrarily given values at less than 2/4 +1 points. The solution of this problem must ob- 
viously contain undetermined parameters. 
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Accordingly 


a = — S Ye + > S,(2;), 
7 1 


st =—?2? ie y, cos nx; + 2 p » S,(x;) cos nx;, 


ol m m 
— ao f > y, sin nx; + 2 > S;,.(4;) sin nz; . 
cb, J 


1 1 


In order to reduce these expressions, we make use of the following for- 
mule, where p is any one of the integers 0, 1, ---m—1: 


i=m 


i=m 


~ 0 when p + 0, “ _ 
(63) doe cos px; = I" when p= 0; >» SIN px; = 0. 


The analytical proof of these formule is not difficult, but their truth is at 
once evident when we regard them as expressing the fact that the centre of 
gravity of a number of equal particles equally spaced on the circumference of 
a circle is the centre of this circle.* 

From formule (63) follow at once the following, in which p, 9, p + q 
are positive integers less than m : 


fix=m m 


2 sin(px;)cos(qx;) = 4 ya [sin (p + q)x; + sin(p -9)%| =0, 
pando Me 0 (p + q)s 
(64) < Y tai = ‘2 [ cos p —4y)r, + COs( p + aes }={m (p=), 
=m ae 0 (p = q)s 
pa sin( p.r;)sin(g2;) = pa [ eos(p — q)x, — cos( p + 1)%:|= 2 (p = q)- 
L ‘= 





* An exception occurs in the case of one particle. This accounts for the exception noted 
in the formula when p = 0. There would be further exceptions of the same sort whenever p is 
a multiple of m, These cases we have excluded by assuming p < m. 
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Using these values (63) and (64), we find: 


m 


él, ~ 

—=- }% 9% + § mt, 

CAy a ad 

-~ m 

él, 4 

—— tt om Yj, COSNX,; + MmaA,, 
Ca, — 

a m 

cl, te, . 

—~§ = —~2 N° y sinnz, + mh, 
ch, haut 


I 
Equating these partial derivatives to zero gives us equations which com- 
pletely determine the coefficients of S,(a), and that this determination really 
makes J, a minimum is evident by a glance at the second derivatives of J,. 
The value of this minimum may also be readily computed as on page 85. 
Our final result may be stated as follows : 
II. Lfa function f(x) with period 2x takes on the values yy Yor +++ Yom 
at the points 21, %, +++ X,, but is otherwise unknown; and if 
27 


ig. — Ti = — (7=1,2,---m—1) 


and k is a positive integer so small that m 2 2k +1: then, from the point of 


view of the method of least squares, the best upproximation of the form 


k 


y a ~ ‘ 
S(z)= {+ S (a, cos ne + b, sinnz) 
ad 


~ | 
to t(x) is obtained by giving to the coefficients the values 


5) m » m 
“4 = ~ ; 
(65) ¢.= SN YW, COSNT;, b, =— S WaMu, 


a I dt hae 
1 1 


m ” 


The minimum value thus obtained for the expression 1, = Nn | y; — S,(2;) t 


=" 
m mfat k 
. a | ” oO —?, ° ? 2 
- I, = me Ii ad ? E 3 >a (a, . 2 h,) |: 


These remarkably elegant formule are due to Bessel. In the special case 
m = 2k + 1, theorem I tells us that there exists a determination of the coeffi- 
cients of S,.(x) which makes /, = 0; and, since J, is never negative, this must 








API ms = 
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be preeisely the determination (65) which, as we have just seen, makes J, a 
minimum. Moreover the method we have just used shows that there is only 
one determination of the coefficients of S;,(x) which makes J, = 0, that is 
which makes S,(x) take on the values y,; at the points 2; Accordingly we 
get Lagrange’s theorem : * 

IT. Uf the points x, 2, +++ £4, are so situated that 


2a 


” ~ 2h + 1 


— 2; (¢=1,2,--- 2k). 


i+1 
there exisis one and only one delermination of the coefficients of S,(a) such that 
Si(Xi) = (¢=1,2,--- 2k +41), 


and this determination is given by formule (65), in which we must let 
m= 2h + 1. 
We have thus made theorem I very much more precise in the special case 
in which the points x, --- 2,4, are evenly distributed throughout the in- 
terval — mw<a227. The question now presents itself whether we cannot do 








something of the same sort in the general case. Before considering this 
} question (ef. theorem VII), we must first establish an important theorem of | 
a different nature due to Sturm.t 

IV. Jf the constants a,, and b,, are not both zero, and also a, and b, are 


k 
' —*. ° 
o(1) = S (a, cosnx + 4, sin nz) (09 Smsh) 
| > 
vanishes and changes sign at at least 2m and at most 2k distinct points of the 


+ 


not hoth zero, the function | 
i 

} 

interval —w <x S7.t ) 

i 


* For Lagrange’s method of establishing this result, cf. Byerly’s Fourier'’s Series, etc., 


pages 80-35. See also Burkhardt’s Bericht, pages 27-42. Lagrange considered, it is true, not 
k 

the finite series S,(7) but the more special series Y 4, sin nz, and his result is the special case 
1 

of that here given in which ry 4) = 0, and yp 4.) —§ = — yp 74 gy. 

+ Liouville’s Journal, vol. 1 (1836), p. 433. The proof here given is essentially that of 
Liouville, ikp 269. Both Sturm and Liouville consider the far more general question of series 
whose terms instead of being sines and cosines are solutions of certain differential equations. 

t This theorem is well illustrated by the last two diagrams on plate XVI of the paper by 
Michelson and Stratton referred to in the foot note on p. 130. See also the curves on pages 51, 
62 of Donkin’s Acoustics, 
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In order to prove this, let us consider the infinite set of functions 
k 
$; (x) = 2. ni(a, cosnx + 6, sin nx) ({=..---—3, —2,—1,0, 1, 2,---). 
m 
All of these functions have the period 27, and they satisfy the relation 


Pb; (2 
— = — $i41(2). 





Moreover ¢)(x) = $(x). From these facts we readily infer by an application 
of Rolle’s theorem that if 7 > ¢ the function ¢$;(z) vanishes and changes sign 
at least as often as $,(x) in the interval — a7 <2 7. Our theorem will 
therefore be established if we can show that when 7 is a large positive integer 
$;(x) vanishes and changes sign just 2/4 times in the interval — 7 < x S17, 
and that when 7 is a large negative integer ¢,(x) vanishes and changes sign 
just 2m times. For this purpose we notice that 


k 2i 
O(c) =k ‘6(7) = SN (;) (a, cos nz + 6, sinnz ) 
aa \i 


vanishes and changes sign the same number of times as $,(z). Moreover an 
inspection of the value of ®;(x) shows that 


Pearl P(x) = a, cos hea + b, sin kz, 
lim d ra») (r)= — ha, sin ker + kh, cos kx 
i=+z dy iit) = hd sis uy COS RX, 


and that these limits are approached uniformly for all values of x. Accord- 
ingly * for large positive values of 7, ®;(x) vanishes and changes sign the same 
number of times as the function a, cos kx + 4, sin kv; and, since this fune- 
tion may be written in the form Vaj + 0; cosk(x —c), it vanishes just 2h 
times in the interval - 7 <2 527. That ¢$,(x) vanishes just 2m times when 
7 is a large negative integer is seen in the same way by considering the func- 
tion m—* },(x) whose limit is a,,cosmax + 6,,sin mz. 

Since the function ¢(x) of the last theorem is an analytic function of x, 
we may consider the multiplicity of each of its roots. 





°. The reader should supply the details of the reasoning here. We have to deal with a 
special case of the theorem proved by the writer in the ANNALS, vol. 6 (1905), p. 61. 
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V. The sum of the multiplicities of the roots in the interval -3w <x Str 
of the function p(x) of theorem |V cannot exceed 2k. 

For combining with Rolle’s theorem the fact that at a multiple root of an 
analytic function its derivative has a root of multiplicity one lower, we see 
that if the sum of the multiplicities of the roots of ¢$(2) in the interval 
—m<sr Sm exceeded 2k, the same would be true for every function ¢;(x) 
where / is positive. But when ¢ is very large, the proof of theorem IV shows 
that ¢;(a) has, in this interval, 24 roots all of which are simple. Thus our 
theorem is proved. 

A slightly different and often useful form of the theorem just proved is 
the following : 


VI. Jf the function 
k 
y ao . 
S,(2)= > + > (a, cos nx + 6, sin nx) 
ss 1 


vanishes at more than 2k points in the interval — 7 < x Sm (or tf the sum of 
the orders of its roots in this interval is greater than 2k), all of its coefficients 
a, and b,, are zero. 

We are now in a position to supplement theorem I by the following 
theorem : 

VII. Only one determination of the coefficients in (60) is possible which 
fulfills conditions (61).* 
For if two such determinations were possible, the difference of the two 








* Explicit expressions for these coefficients may be found by solving by determinants the 
following system of linear equations : 


ree ew 


a ‘ 
> + ¥ (4, cosnr, + b sinnz,) =y, (§@=1.2,...2k +1). 
1 


Since we know from theofems I and VII that these equations have one and only one solu- 
tion, their determinant is not zero. Thus we get incidentally the result : 
Uf r\,. ++ Top4i are any real quantities no two of which differ by an integral multiple of 2r, 


then 


| 
| 1 cos z, ~~ sin x cos 22x) sin 2x, ... cos kr, sin kx, 


1 cos 2 sin 23 cos 222 sin 27, ... cos kz2 sin kre 





1 cos “2k+1 sin T2441 COS Re yee | sin 222441 - ++. COS Lo oy eres sin K22Qh41 
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functions S,(x) thus determined would be a finite trigonometric series whose 
coefficients, by VI, must all be zero. 

Turning now from the theory of finite trigonometric series to more gen- 
eral questions, we are in a position to prove the following theorem, which is 
essentially due to Liouville :* 

VII. Uf F(x) has the period 2x and in any finite interval has only a 
finite number of discontinuities and is such that f | F(x)|dx converges 
when extended over any finite interval; and if the Fourier’s constants 
Ap, Qyy °° Apa ys Oy Oy Of F(x) are all zero, then F(x) either vanishes 
at all points where it is continuous, or changes sign} at least 2k times in the 
interval —7 <x Sr. 

To prove this suppose that #’(2) changed sign less than 2é times in this 
interval, but did not vanish at all points where it is continuous. Call the 
points where these changes of sign occur 2, 22, - - + %z,, (their number being 
necessarily even since F'(.c) is periodic) or, if these changes of sign occur at 
segments, take one of these x’s in each such segment. Now form the function 


o(x) = tay) + > (a, cosnx+ 8, sinnz), 
1 


whieh vanishes at all these points, while at some point where F' is continuous 
and does not vanish, it has the same sign as #'(x). The possibility of thus de- 
termining the coefficients of @ follows from I. Since ¢, as thus determined, 
has 2m roots in the interval — 7 < « = 7 but is not identically zero, it can, 
by VI, vanish nowhere else in this interval, and all these roots must be simple 
roots. Accordingly ¢ changes sign at each of the points x, - - + 2,,, and must 
therefore, except where /’(xz) vanishes or is discontinuous, have the same sign 
as F’(.c) everywhere. Hence 


, F(x)o(x)dz > 0. 


* Liouville’s Journal, vol. 1 (1836), p. 264. Liouville tries tu infer that if all the Fourier's 
constants of a continuous function are zero, the function must be identically zero, whereas 
one can merely infer that the function vanishes an infinite number of times, ef. III, §4. 

+ We say that /’ changes sign at a point c when and only when, no matter how small e may 
be, two points z’, z’’ can be fonud such that ¢e—e- 7’ <e #£ <e +e and such that F(z’), 
F(z") have opposite signs. It should be noticed that the value of F at the point c is in no way 
concerned. F may also change sign not at a point but at a segment cd if it vanishes at all but 
a finite number of points of this segment, and if, no matter how small e may be, two points 
z' and z'’ can be found such that c—e <2’ <e<d<s"'<d+e and such that F(z’), F(z") 
have opposite signs. 
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Replaeing by its value, this integral reduces to 
me +o > 2 (a,t, + B,bn) = 0. 
1 


Thus the assumption m < & has led to a contradiction and our theorem is es- 
tablished. 

The theorem just proved may be applied to a function f(x) none of 
whose Fourier’s constants are assumed to vanish by taking as the function 
F(a) the difference between f(z) and the sum of the first 4 + 1 terms of the 
Fourier’s development of this function. We thus get the result : 

IX. Jf s(x) has the period 27 and in any finite interval has only a 
finite number of discontinuities, and is such that {| 7(x)|dx converges when 
éetended over any finite interval; and S,(x) ts the sum of the first k +1 
terms of the Fourier’s development of f(x), then the approximation curve 
y = S,(x) crosses® the curve y= f(x) at least 2k + 2 times in the interval 
—W<k£ST. 

It should be noticed that the conditions of this theorem do not imply the 
convergence of the Fourier’s development of 7(x), but that the theorem applies 
to the approximate representations of 7(2) considered in §1. This theorem 
is well illustrated by the diagrams on pages 63, 64 of Byerly’s Elementary 
Treatise on Fourier's Series, etc., as well as by the diagrams by Michelson and 
Stratton, referred to on page 130. 

ll. Dirichlet’s Integrals. In order to penetrate more deeply into the 
theory of the convergence of Fourier’s series we now turn to the kind of con- 
sideration first successfully applied to this question by Dirichlet.t+ 

I. Ifinthe interval g = B Sh the function F(B) has only a finite num- 
ber of discontinuities and f"| F(B)\dB converges, then 


“ h : 
Pros | F(8)sin k8dB = 0.t 








* The curves nay cross each other without cutting at points where f(.c) is discoutinuous. 

+ Crelle’s Journal, vol. 4 (1829), p. 157. 

t This theorem was stated by Dirichlet in nearly as general a form as this in a letter to 
Gauss dated 1853 (Dirichlet’s Collected Works, vol. 2, p. 386), but in the proof there given he 
tacitly makes further restrictions on his function. 
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We prove this theorem first in the special case in which F’ is continuous 
throughout the interval g = 8 S h.® 

Let us divide this interval into r= 2™ equal parts by the points 
do = J. Q, Az, +++ A,_4, a4, =A: and write 


[ F()sin kBd8 
r—]' 


=\° S . F(a;)sinkBdp + ; (F'(8) — F(a;) | sin keds} 
aa . a; aj 


r—l e 
oe cos ka; — cos ka; , | “G41 , ‘ 
=” 1 Pie) —— eon [F(8) — F(a,)]sinkBdB}. 
— | . ay 
1 
Accordingly, if we denote by .V the upper limit of | (8), in the interval gh, 
and by 7 the greatest oscillationt of F’ in any one of the intervals aga), @)@, 
- d,_1a,, we have 
*h r—l - 5 V 5) VW 
ae . . — (2. 2.ur 
(66) | F(B)sinkBdB = N°: + n(ajn,—;) ae Tae n(h —y). 
| Jg — | k ) kh : 
v 

So far we have not restricted the value of the integer r = 2" on which n 

depends. Let us now choose it as the largest integral power of 2 which does 
/_ eh) / - Sag . 

not exceed VA. Then 2.VUr/k S 2M Vk, which approaches zero when k = x. 

Since r becomes infinite with 4, » approaches zero as / becomes infinite.} 

Hence the whole expression (66) approaches zero, and the special case of I is 

proved. 

Turning now to the general case, suppose that F’ has » discontinuities in 
the interval 7 = 8S. Our theorem will be proved if we can show that how- 
ever small the positive quantity € may be, a positive constant A’ can be found 
such that 


*h 
(67) | F(B)sinkBdB <e when hk > A. 
Fd 

* The proof in the more zeneral case in which F(3) is finite and integrable was given by 
Riemann (1854), (#es. Werke, 2d. ed., p. 254. We follow Staeckel, Leipziger Berichte, vol. 63 
(1901), p. 148. 

+ By the oscillation of a function in an interval is understood the difference between its 
upper and lower limits in that interval. 

¢ Since, when we divide an interval into 2" equal parts, the integer m can be taken so 
large that the oscillations of a given function (which is supposed to be continuous within and 


at the extremities of the interval) are less, in all these parts, than an arbitrarily given positive 
constant. See Picard’s 7raité d’analyse, vol. 1, p. 3. 
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Surround each of the » points of discontinuity of F’ by a neighborhood so 
small that f| /'(8)|dB8 < ¢/(2n), the integral being extended over any one of 
these neighborhoods. It follows that for all values of % the sum of the x in- 
tegrals f /’'(8)sin kBdB, each extended over one of these neighborhoods, is, 
in absolute value, less than Je. By the special case of I which has been 
proved, f /'(8)sin k8df8, when extended over a fixed interval which does not 
reach up to a point of discontinuity of #’, approaches zero whenk =a. Ac- 
cordingly the same will be true of the sum of the integrals of this form ex- 
tended over all parts of the interval gh except the neighborhoods, above men- 
tioned, of the points of discontinuity. In other words a constant A’ can be 
determined such that when / > A’ the sum of these integrals is, in absolute 
value, less than $e. Thus by first taking the neighborhoods of the points of 
discontinuity small enough, and then choosing A’ large enough, we have satis- 


fied (67). 


Il. Jf F(B) has only a finite number of discontinuities in the interval 


05 BSA, and the limit F(+0) exists, and if the integral 





8 
converges, then 
sin &8 
B 





. “h 
(69) a F(B) df = jm F(+ 0). 


This theorem, which was essentially known to Dirichlet in 1853,* though 
first published by Dinif follows from I if we write 


“ i h si be _ ’ 
[ F(B) cine ap = | F(+ 0) 48 ag 4 [-e ~FU+ 9) cin bp dB. 
0 B 0 B 0 8 


By I, the last of these integrals approaches zero when k= x. Letting 
z = kf, the other integral may be written 


ih gi 
F(+ 0) [ al 
A 2 





* See the letter to Gauss referred to above. 
+ Serie di Fourier, Pisa, 1880, p. 87. 
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from whieh ITI follows by the well known formula* 


dz=*. 


~ - 


j” sin 2 7 
” 


We shall find it convenient to lay down the following definition : 
Convitions (A,) anv (A_). A function F(8) shall be said to satisfy 
condition (A,) ata potut ¢ if it és continuous throughout a certain interval 
e< B set 6, if the limit F(c + O) exists, and the integral 
¥ F(B) — F(e #0) 
B—e 
converges. It shall be said to satisfy condition (A_) ate if it ix continuous 
throughout a certain intervale —8 5 B «+, if the limit F(c — 0) exists, and 


(70) dg 


the integral 
(71) 


converges. 

It will be noticed that the fractions in (70) and (71) are simply the for- 
ward and backward difference quotients of F'at¢. Accordingly, since these 
integrals must converge when their integrands approach finite limits at c, we 


[ F(p) — Fle — 0) dB 


B—e 


may say: 

Il. Uf F has a finite forward derivative atc, (70) converges. If f has 
a finite hackward derivative at ¢, (71) converges. 

Or more generally : 

IV. Integrals (70) and (71) respectively will converge if F satisfies the 
first or second of the inequalities 


F(B) — F(e+0) «< A(B— +)" (e~ BSe+), 
F(B) — F(c —0)| < H(e — Bye (c—~8S B<e), 
where H and a are positive constants. 
Theorem II may now be thrown into the following convenient ferm : 
V. If in the interval g = B= h the function F(B) has only a finite num- 
her of discontinuities, and f" F(B) dB converges, and if ¢ is a_ point 
(9 <0 <h) at which F satisfies conditions (Az) and (A_), then 


= a -. dp = in| Fic +0) + Fle — oy}. 


* See for instance Osgood’s Funktionentheorie, vol. 1, p. 246. 


: *h 
(72) lim | F(B) 


k=+a 
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To prove this, write the integral in (72) as the sum of the integrals from 
g to c and from c to 4, and make in the first the change of variable 8’ = c — B, 
in the second 8” = 8 —c. Thus both integrals are reduced to the form (69), 
and our theorem follows at once. 

We add the following theorem which we shall need in the next section. 

VI. If F\(B8) and F,(B) satisfy condition (Az), [or (A_)] at c, their 
sum and product both satisfy this condition at c. 

That this is true for the sum is obvious. To prove it for the product 


F(B) = F\(8) F,(B), write 


F'(B) - Fy(e + 0) 
B-—c 


F(B) — Fle +0) 
ae =r eee 


rin =F +® , 


= F,(B) + Fyife+0) — - 


The part of the theorem referring to (.4,) follows from this equation. The 
part referring to (A_) may be proved in a similar way. 

12. Dirichlet’s Second Sufficient Condition for the Conver- 
gence of Fourier’s Series (Dini). It will be convenient to lay down 
the following definition : 

Conpition B. A function f (2) shall be said lo satisfy condition (B) if 

1) tt has the period 27; 
2) inthe interval— aw SxS it has at most a finite number of 


discontinuities ; 


3) the integral S(x) de converges. 


These conditions are sufficient to secure the existence of the Fourier’s 
constants of f(x) :* 


awe | " £(B) cos vB dB, ins [ "£(B) sin vB dB. 
TT. ¥. 


—_ —r7 


They are, however, not enough to ensure the convergence of the Fourier’s 








* Instead of condition 3), it would be sufficient for this purpose to assume that i S(a)dx 


converges, as is readily seen by an integration by parts. 
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development of /(.).* To secure this convergence further conditions must 


be imposed on f(a) as, for instance, in the following theorem : 

I. The Fourier's derelopmeit of a function f(x) which satisfies condition 
(B) converges to the value ¥{f(2 + 0) + f(a — O)) at every point where (x) 
satisfies conditions (A,) and (AL). 

To prove this, consider the sum of the first n + 1 terms of the Fourier’s 
development of /(.") : 

n 

N* (a, cos vx + b, sin vr). 


1 


S, ( A ) — ha 


Substituting here for a, and 4, their values written above, we have 


S,(2) = : | SB 3 + cos (8B —7)+ cos2(8B—+7)+--- + cosn(B — 2) dB, 
which by a well known trigonometrical identity (formula (46) above) reduces 
to 


> sini (n+ 4)(B—*7) | 
(73) S.(2) = | r(B) ni (n+ 4) ry) dp. 


?sin 4 ( Bp —_ ) 


‘ 


Since the integrand here is a periodic function of 8 of period 27, the 
limits of integration may be changed to 4 and y + 27, where g may be chosen 
at pleasure. Let us take g in such a way that the point 2 we wish to consider 
lies in the interval gy x ~ 4 + 27. We may now write (75) in the form 


] “Utls si f a a v 
(74) S(2)=- | F'(3) si 18 Jp, 
] 


us Je fe} — J 
where F'(3) = f(8) -f,(8) and 


. S— «£ , 
hy ( 2 = r 3 — wee r 
Faeyr ) 2sing(B — 2 (; ) Ai ) 


It is clear that /,( 2) satisties conditions (.1,) and (A_) at x since it is con- 
tinuous there and has a finite derivative. Accordingly, if /(8) satisties con- 


* This fact has been established by the formation of functions whose Fourier’s develop- 
ments diverge at certain points. In fact functions have been formed which are everywhere con- 
tinuous but whose Fourier’s developments diverge at points everywhere dense. It is not known 
whether continuous functions exist whose Fourier’s developments diverge at all points. The 
most recent work on the questions here referred to is by Hobson, Proc. Lond. Math. Soc., ser. 
2, vol. 3 (1905), p. 48. References to earlier work are there given. 














1906] THEORY OF FOURIER’S SERIES 147 





ditions (A,) and (A_) at x, the same will (by VI §11) be true of /'(8), and 
F(x +0) =f(2£ +0), F(x —0) = f(x —0). Hence (by V §11) S, (x) ap- 
proaches 4| f(x + 0) + («2 — 0)] as x becomes infinite, and our theorem is 
proved. 

A reference to theorem III of §11 shows that the convergence of the 
Fourier’s series at a point x will be secured if in addition to condition (B) we 
demand that /(«) have a finite forward and a finite backward derivative at 
that point. Our theorem also includes many cases —all that are likely to oc- 
cur in practice — of infinite derivatives, namely (IV §11) all those in which 
J(B) has the form C + (8 — ©)*$(8) where 0 < a < 1 and ¢ is finite at z. 

There is an essential difference between the condition for convergence of 
Fourier’s series obtained in this section and those obtained earlier in this 





paper. Condition (/) or a still narrower condition has been imposed in all 
cases in order to secure the existence of the Fourier’s constants. The further 
condition imposed in §§5, 7 was that fhave a derivative which in any finite 
interval has at most a finite number of finite discontinuities. This condition 
imposes a restriction on f(z) throughout the whole interval — 7 < x < 7, 
whereas conditions (A,) and (A_), which we now impose, restrict the nature 
of the function only in the immediate neighborhood of the point at which the 
convergence of the series is to be considered. In fact we may readily deduce 
from formula (73) in combination with theorem I §11 the following result, 
which, in a still more ge. eral form, is due to Riemann : 

II. The convergence at a point x of the Fourier’s development of a func- 
tion which satisfies condition (B) depends merely on the nature of the function 
in the immediate neighborhood of x. 


13. Dirichlet’s First Sufficient Condition for the Convergence 
of Fourier’s Series (Jordan). We begin by recalling the Second Law of 
the Mean which, in its simplest form, is as follows :* 

Tue Seconp Law or THE Mean. Tf in the interval g < B <h the two 
functions @(B) and W(B) are finite and continuous while the first of them is 
nowhere negative in this interval and never decreases as 8 increases, then 


h h 
[° ecayyiayda = 64-9) | ¥(ayae ke wibindne 


* Bonnet’s original proof is reproduced by Picard Traité @analyse, 2d. ed., vol. 1, p. 8. 
See also C. Neumann Ueher die nach Kreis-, Nugel- und Cylinder-Functionen fortschreitenden 
Entwickelungen, p. 34. 
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: : i We follow Bonnet® in using this theorem to deduce the result which forms 
of. the starting point of Dirichlet’s classic paper : 
! I. Uf in the interval 0 < B<h the function F(8) is finite, continuous, 
and nowhere decreasing, then 
t 


lim [ F(B) — dB=47F(+ 0). 


k=+o@ 


As in the proof of II §11, this theorem will be proved if we can establish 
the formula 


° “h s] kh 
(74) a: | } F(p) — F(+ 0) are dp = 0. 


Let 4 be a constant satisfying the inequality 0-4-4. By the second 
law of the mean, 


ae re . )sinkg - , ) (’sinks 
5) | Ss) —F(+ 0) eee” ap =! F(b)— F(+.0 | 18 (Oct<b). 
15) fj | 7 | | Sr See 





—— 

" sinz, . - 

Since | _ dz is convergent, there exists a positive constant .W/ such that, 
0 


~ 





ei ' Psinz ' 
for all positive values of p, | : : dz «- M. Accordingly 
0 * _ 


bain I: ain > K sin 2 
| ee ag! x i cecil [ an dz - 2M. 
Je B B 2 J0 2 j 


~ 


Hence by taking 6 so small that #(4) — F(+0)! < €/(4M), we can 
make the integral (75) less in absolute value than $e for all values of . 
On the other hand we have (by I §11), 4 being regarded as fixed, 






ko+e. 


h i ; 
lim FO) ~F(+0) aid as ©. 


* Mémvires del Académie de Belyique, vol. 23 (1850), p. 16. 
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By first choosing 5 sufficiently small, and then taking A sufficiently large, we 
thus have, when & > A, 


me sinkB yo|— | [°{ p sin kB 
ima Wd OY a i < ney esas : 
‘| | #(8) — FC 0) } us| =| [ { (a) — H+ 0) | "a 


B 
h 3 ° 
§ vg) — Fra | sinks 5 e : 
+ | | 7) le | B eres 


This inequality being equivalent to (74), our theorem is proved. 

We now proceed to generalize theorem I. For this purpose we lay down 
the following 

DEFINITION. A continuous function f(B) is said to have limited varia- 
tion inan interval g < B <h if it can be written in the form 


(76) S(B) =fi(B) — f(B), 


where throughout the interval f, and f, are continuous, finite, and positive, and 
never decrease. 

The theory of these functions as developed by Jordan*® will not be neces- 
sary for our purposes, but only the following facts which follow from (76). 

In the first place the limits f(g + 0) and f(A — 0) exist. 

Secondly the sum and product of two continuous functions with limited 
variation are continuous functions with limited variation. 

Finally any continuous function which in a given interval is finite and 
never decreases (or never increases) has limited variation there; for in the 
first case it can be written in the form [¢ + /(8)] —, in the second in the 
form ¢ — [e — f(8)], which, if the constant ¢ is properly chosen, have the 
form (76). 

ConpiTions (C,) anp (C_). A function F(B) shall be said to satisfy 
condition (C',) [or (C_)] ate if throughout a certain intervale <x <c+ 6 
fore —~ 8 <x <e]) tt és continuous and has limited variation.t 


* Cours analyse, vol. 1, p. 54. See also Pierpont’s Functions of Real Variables, p. 349. 
Jordan's starting point (C. R. 1881) was precisely that indicated in the text. The restriction 
we have made that the function be continuous is not necessary and was not made by Jordan. 

+ The functions which most frequently occur in practice satisfy, at all points where they 
remain finite, both conditions (A) and conditions (C). These conditions are, however, not 
coextensive, nor does either include the other, as the two functions 8 sin(1/8) and 1/log | 8 | 
show. The first of these satisfies conditions (A) at the point 8 = 0 but not conditions (C) (cf. 
Pierpont, 1. c., p. 352), whiie the second satisfies conditions (C) but not conditions (A) at this 
point. 
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A special case in which these conditions are satistied is the following : 

II. Tfa function has only a finite number of discontinuities in an in- 
terval, it satisfies conditions (C,) and (C_) at any point of this interval 
where it remains finite and in whose neighborhood it does not have an infinite 
number of maxima and minima, 

We now see, by using (76), that I still holds if we merely require /'(8) 
to be continuous and to have limited variation in the intervalO < 8B Sh. We 
may even go a step further and require merely that /'(8) satisfy condition 
(C’_) at the point 8 = 0, that it have only a finite number of discontinuities, and 
that f” F(8) ds converge, as we see by breaking up the interval 0A into the 
two intervals 06 and 6h and applying theorem I §11 to the second of these 
intervals. 

Theorem I thus generalized admits of immediate extention to the follow- 
ing form: 

Ill. Theorem V $1] sti//] holds if the requires ut that F satisfy condi- 
tions (A) and (A_) ate he replaced hy the re yuere ment that it salisty con- 
ditions (C.) and (C_) there, or tf either of these changes be made. 

From this we pass, exactly as in $12, to the final result: 

IV. The Fourver'’s development of a function f( a) which satisfies condi- 
tion (B) converges to the values) f(e +0) + f(4 — 0) | at every pont where 


SJ (a2) satisfies either condition (Az) or (Cy) and also either condition (.A_) 


or (C_). [nw particular it converges to this value at every point in whose 
neighborhood f(x) does not hare an infinite number of maxima and minima. 

It follows that if f(.c) does not have an infinite number of maxima and 
minima in the interval — 7 ~ .« < 7, its Fourier’s development will converge 
to the value $[f(24+ 0) + #(.2 —0)] at every point where f(x) is finite; a 
result which includes that originally established by Dirichlet. 


14. Conclusion. (Certain important aspects of the theory of trigono- 
metric series which, for want of space, we have been unable to treat at length 
will now be briefly referred to. 

The question of obtaining as broad sufficient conditions as possible for 
the convergence of Fourier’s series occupied the attention of many mathemati- 
cians during the last half of the nineteenth century. The reader wishing to 
penetrate into this field of research may turn to an important article by 
Lebesgue, Math. Ann., vol. 61 (1905), p. 251. ; 

Simultaneously with these investigations, researches of a more general 
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character concerning trigonometric series appeared during the years imme- 
diately succeeding the publication in 1867 of Riemann’s great paper on trigo- 
nometric series. From these we mention first Heine’s results concerning the 
uniform convergence of Fourier’s series,* and then the following two impor- 
tant theorems first completely proved by G. Cantor. 

l. Uf a trigonometric series converges at all points of an interval 
A <x < B, tts coefficients a, and b, approach zero when n = x .F 

Il. If iro trigonometric serves converge to the same values at all but a 
finite number of points of the interval — 7 <x <1, their corresponding coe fi- 
cients are equal.* ; 

Recently a new turn (related, however, to Poisson’s method of converg- 
ence factors) has been given to the theory of Fourier’s series by the investiga- 
tiong of la Vallée Poussin,§ Hurwitz,|| and Fejér,4] in which it is shown how 
even though the Fourier's development of a function diverge, the series may 
still be used to advantage. The work of the first two of these mathematicians 
has already been touched upon in this paper (pages 107, 117, 118). Fejér’s 
main result is the following: 

I. Jf f(r) satisfies condition (B) of §13,** and if S;,(x) denotes the 
sum of the first hk + 1 terms of its Fourier’s development, then 

lim (So + St) + + Se 


)) (. ) 
~ = b- f(r +0) 4+ f(r —O0)> 
) ( ; } 


ve | “+ ] 


at every point where f(x) is continuous or has a finite jump, and this limit is 
approached uniformly throughout any interval AS x = B where f(x) is con- 
tinuous, 

It is of considerable practical importance to be able to get quickly the 
numerical values of the first few Fourier’s constants of a given function. 
Special instruments, known as Harmonic Analysers, have been devised for 


* See Picard, Traité danalyse, 20 ed., vol. 1, p. 256. 

+ Math. Ann., vol. 4 (1871), p. 159. French translation in Acta. Math., vol. 2, p. 329. If, 
in this theorem, we assume the convergence to be uniform, the proof becomes very simple. 
Cf. Heine, Crel/e's Journal, vol. 71 (1870), p. 357. 

t See Picard, Traité danalyse, 2d ed., vol. 1, p. 259. 

§ See foot-note p. 107. 

| See foot-note p. 107. Also Math. Ann., vol. 57(1903), p. 425. 
G Math. Ann., vol. 58 (1904), p. 51. 
** Fejér's condition is much broader than this. 
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this purpose.* Such instruments, however, being expensive, other methods 
are in more common use. Cf. Runge, Theorie wnd Praxis der Rethen, p. 147- 
164,and Zeitschrift fiir Math. u. Physik, vol. 52 (1905), p. 117; Lyle, Pil. 
Mag. ser. 6, vol. 11 (1906), p. 25; and, for numerous further references, 
S. P. Thompson, Proc. Phys. Soc. of London, vol. 19 (1905), p. 443. 

Finally we refer to Cauchy's application of his method of residues to 
prove the convergence of Fourier’s series.¢ This method, as Cauchy 
pointed out, is applicable to many other similar expansions. For such gen- 
eralizations (made partly by this and partly by other methods) we refer to: 

Dini, Serie di Fourter. ‘ 

(. Neumann, leher die nach Hreis-, Wugel- und Cylinder- Functionen fort- 
schreitenden Entiickelungen. 

Jordan, Cours danalyse, vol. 2, chap. 4. 

Kneser, Math. Ann., vol. 58 (1904), p. 1. 

Dixon, Proc. Lond. Math. Soc., vol. 38 (1905), p. 83. 

Hilbert, Géttinyer Nachrichten, 1904, pp. 49, 213. 

Schmidt, Eutwicheluny willkirlicher Funktionen nach Systemen vorge- 
schriebener, Dissertation, Gottingen, 1905. 


HIaARVARD UNIVERSITY. 
CAMBRIDGE, Mass. 


*Cf. p. 130. An analyser constructed by Coradi is described on p. 155 of Klein's Anyrendung 
d, Diff u. Int. Rechnung auf (reometric. 
+ See Picard, Traite danalyse, vol. 2, chap. 6 §n. 








NOTE ON MULTIPLY PERFECT NUMBERS 
By R. D. Carmicuarn 


THE object of this note is to prove the following propostion : 

There exist no multiply perfect numbers* of multiplicity 3 of the form 
m= ph py prs where py, pr ps are distinct primes and py < py < Py 

In the ANNALS oF Marnemarics, ser. 2, vol. 2, p. 172 (July 1901), 
Dr. Jacob Westlund shows that p,; = 2 and p,= 3. Hence we have (cf. 
Westlund, /. ¢.), supposing that there are such multiply perfect numbers, 


Da, + 1 ] tues +1 _ 1 gat _ ] 


] $= . "Dp 
(1) 2 He 2 p3e(p, — 1) 


s 


from which we get 
24 a,+1 2a, +1 
° a ae p> 2 - 
(2) a ns es : 
Ps Ds / (2441 -1)(3%T! 1) 
The first member is not divisible by p,; hence, 


(3) pr \ pee =— dase a Ps 4 1 = 2 34, 


” 


where AX and yw are to be determined and belong to the series 0, 1, 2,5 


Since ps; is a prime greater than 5 it is of one of the forms 6 n + 1. 
Couse 1. Let py = Gn — 1. Substituting in equation (3), we have 


(4) (6n — 1) 4+ (Gn — 1)*s-' +e. 4+1= 2° 3, 
If each term of the tirst member is expanded, the sum of the resulting terms 


not containing 6 as a factor is 1. Hence, this first number is divisible * by 
neither 2 nor 3. This case therefore cannot yield multiply perfect numbers. 


* This term was introduced by D. N. Lehmer in 1901; see ANNALS OF MATHEMATICS, 
ser. 2, vol. 2, p. 103: ‘*a multiply perfect number is one which is an exact divisor of the 
sum of all the divisors, the quotient being the multiplicity.” 
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Case II. Let ps = 6n + 1. Substituting in equation (3) after summing 
its left member, we have 
(Gn 4+ 1)%s+1— 1] 


= 243+, 
Hn 


(9) 


whence 
(6) (Gn)? + (2azg + 1)(GHn)%s—! + «~~ 4 a3(2a3 + 1)(Gn) + (Zaz +1) = 2? 3. 


Let 2a, + 1 = 3°-¢, where ¢ contains neither 2 nor 3 as a factor. Each 
term but the last of the first member of (6) is divisible by 2.5*—'. Hence, 
dividing through by 3°, equation (6) may be written (q7 being an integer 
quotient), 


(3) eg +¢=— 23*--,. 


The first member of (8) is greater than 1 and is divisible by neither 2 nor 3. 
Hence, equation (%) being impossible, case II yields no multiply perfect 
numbers. 

Hence the proposition. 











NOTE ON INTEGRATING FACTORS * 
By Epwin BipweL_t WILson 


In a recent note Saurel has given a simple and elegant proof of a theorem 
of Lie’s on integrating factors as it has been generalized by Guldberg.t The 
results are obtained and stated in terms of the infinitesimal transformation 
(&, &,---+,&,). [have been accustomed to prove an analogous theorem without 
any reference to infinitesimal transformations, and as this latter theorem has 
some interesting applications, especially to the question of singular solutions, 
quite independently of any idea of transformation, the following note may be 
of interest. 

THEOREM 1. If the total differential equation 


(1) NX, dx, + Na dx, +--- + N, dz, = 0, 


where Ny, Ny, «++, X, are functions of (x, %y, +++, 2,), be tutegrable with 
the integrating factor p(x, %, +++, x,) so that 


(2) pe ( ‘\, dx, os NX, diy tree t Bu dz,)= dF = 0 


and F = constant, then the normal derivative of the integral F is 


lF = 5 53 
(3) G=avV NG + N34 ++ + N4. 


The proof may be conducted geometrically in a manner very much the 
same as that given by Saurel. Let (27), 2, ---+, 2,) be Cartesian coordinates 
in an » dimensional space /7?,. Then the linear equation (1) between the 


*Read before the American Mathematical Society, February 24, 1906. 
+P. Saurel, ** On integrating factors,’ 
pp. 185-189. 
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differentials shows that at each point of 72, there is a planar space /?, _, of 
nw — 1 dimensions in which the differentials a,, dv... ++, dx, lie and to which 
the integral surfaces 47 = C consequently are tangent. The lineal element ds 
or dv whieh is normal to this planar element (1) is detined by the following 


system of differential equations : 


\ dx, dary dv, du 
(4) : oe = ; = 
Ay As A " \ A i? A = ve \ nf 
Now 
= dl i C KF da oC I da, C I dy, 
(-)) oom = 7 i . ox, — ae ae. dn 


is obviously an identity. But from (2), 


oF oF | . fF 


dF : day > | dar, du, wN da, 4 uNule, meee 4 wr, dr,, 
Cry Cr. ” Ox. 
or 
cl ; ck : oF ' 
() z wrN,. . dba 44% 3 eo 
C4 i ry Cl " 


On merely substituting (4) and (6) in (5) the desired relation (3) is imme- 
diately obtained. 

It should be noted that in this work -#’= C has been taken as the 
solution of the differential equation (1). It is true that @ e* (’ or 
(i = log F (are likewise solutions of (1). Andso is’ v mw Q(F/'), where 
© is any function, an integrating factor of the differential equation, Naturally, 
(3) does not hold forevery solution @ = Cand any of the integrating factors v 
selected at random: forany given integrating factor a there is a definite solu- 


tion determined by (2) and obtainable by direct quadrature 


FF = [HX dy, + [eX dy, L. oe se [ux, az, 
where in the second integration #, Is put equal to some constant 24, in the 
third integration , = #,), and «2, =, and in the «™ integration a2, = “yp, 
Ly = by, *y Lye p= y—1 0 Tt is this particular function /’ which must be 


taken with the given factor w in order that relation (3) be satistied. Thus 


each » determines one specitic / and conversely. 











1906) NOTE ON INTEGRATING FACTORS 157 


Applications of relation (3) to various geometric problems in case 7 = 2 
have been given,* and similar problems are solved similarly for x > 2. But 
the relation may equally well be used for discussing the singular solutions 
from a purely geometric point of view. Looking at the matter from this geo- 
metric point of view, we shall use the term singular solution to mean the 
envelope of the general solution, whether or not this envelope happens to be 
a particular solution of the equation. In some treatments of differential 
equations one may find the statement that «= x or w—! = 0 gives the singu- 
lar solutions.} With a little more precision may be stated 

THeoremM 2. Lav the total differential equation 


(1) Xda, + Nidx, + +--+ X,dx, = 0, 


let MX; Jes ee ey An he functions of (7, Lo, ce © ee Lads which ( 1°) wever hecome 
tntinile arer au Rh, — lying tn R,, and (2°) do wot all simultaneously ranish 
for any R,, = lying iu R, 5 if such a differential equation admit the inte- 
grating factor p aud the correspouding solution F = C, then p=x orp -'=O0 
gives the singular solutions, i. e., the envelopes, and the limiting solutions 
F = tr DD. 


Consider the equation 


| wie Bia ..-4232 
> - = - = a  e Oy Z = \. 
“a dP (x15 ty + + +5 tn) =0 


du 


The function ® may consist of several factors ¢,, ---, 6, which, when in- 
dividually equated to zero, define surfaces 22, , in /?,. It is to be shown that 
these are limiting solutions /’= + « or singular solutions, i. e., envelopes of 


*Lie—Schetlers, Difgerentialgleichungen (1891), chap. 9, §$1-2, pp. 150-162; also pp. 337- 
340, Partly reproduced in Page’s Ordinary Differential Equations). 

+ Rouché et Lévy, Analyse infinitésimale, vol. 2, p. 521, and de la Vallée-Poussin, Cours 
danalyse, vol. 2, p. 265 and p. 137. The treatises of Forsyth do not seem to mention this 
method of obtaining the singuiar solutions. Moreover, the definition of singular solutions 
differs with different authors. Thus Appell, Eléments Wanalyse mathématique, p. 583, states 
that a singular solution is one which is not a particular solution. De la Vallée-Poussin, loc. cit., 
p. 137, detines it as a non-particular solution occurring in a region where the conditions of 
continuity are not fulfilled. ‘The statement by Forsyth, Differential equations, p. 33, seems too 
indefinite to admit of any precise meaning. ‘Theorem 2 may be of assistance in clearing up 
some of this obscurity. 
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F' = C, and that conversely all limiting solutions and envolopes of F’ = C 
are contained among them. As the radical in the numerator does not ever 
vanish over an £2, [owing to the restriction 2~ placed on (1')]}, the only 
chance for ® to vanish is that d/’ dx be infinite. Moreover conversely us 
the numerator never becomes infinite over an 22, , (owing to the restriction 
1°}, the surfaces 22, ) over which d/' dv is infinite must give to @® the value 
0. Now dF du becomes intinite: first, when dv is an intinitesimal of higher 
order than dF’, i. e., when there is relatively no change in the normal 
direction on passing from the surface /’ = C’ to the neighboring surface 
F=C + dU,i.e., when F = C has an envelope: secondly, when d/’ = dC 
is becoming infinite, i. e., when /’ is becoming infinite (d~ cannot become 
intinite if the surface remains ina finite space 72). The first: case is that of 
the singular solution; the second, that of the limiting solution #’ = + x .* 

If wis one integrating factor of (1) and if /7= C' be the corresponding 


solution, any other integrating factor is of the form yw Q( fF’). The corres- 


ponding solution is (= [a F)dF. From relation (3'), 


Q(F) dG dF 
. ' Q)( F’) , 


du 


This, of course, vanishes over the singular solutions found previously 
and over the limiting solutions Q( 4°) = G =x. From this it is evident 


that, owing to the arbitrary nature of Q, any particular solution of the equa- 


* The existence of these limiting solutions in uo! () seems to have been pointed out 
for the first time by J. Boussinesq in 1s7s See his Cours Vanalyse infinitésimale, vol. 2, 
pp. 233*-240.*% The matter does not seem to have been taken up by later writers. Almost all 
works on differential equations treat in considerable detail the extraneous factors in the C- 
discriminant and in the p-diseriminant, andeven go so far as to attempt to predict the multi- 
plicity with which these factors occur —a rather delicate question in view of the loose state- 
ments made concerning the functions which occur as coetlicients in the differential equation. 
The discussion is carried on geometrically. Perhaps the absence of similar discussions for 
the equation w~! = 0 is due to the previous lack of geometric interpretation of the problem 
— a lack which it is the aim of this note to supply. 

The discussion given by Boussinesq in his Covrs does not make use of our relation 
3), and cannot be considered as very accurate. It follows a more heuristic method; and 


is, in fact, highly instructive, as a first step. 
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tion may occur as a limiting solution of (1’) if only the proper integrating 
factor be chosen. 

The question of removing the restrictions 1° and 2° from theorem 2 is 
somewhat complicated. These restrictions were placed upon the differential 
equation precisely for the purpose of keeping relation (3) from becoming in- 
determinate by the vanishing of the numerator when the denominator vanished, 
or by its becoming infinite when the denominator became infinite. It is easy 
to see from the simple example dx + (2/y)dy = 0, for which » = 1/x and 
F’ = log (xy) = C, that 1/u = 0 does not necessarily give all the limiting 
solutions = +x. 


The statement is sometimes made that if 
N,dxz, + Nada, + --- + N,drx, = 0 


is a differential equation, all factors common to the .Y’s should be removed 
by cancellation. This is all very well in case the .V’s are polynomials, and 
the process affords an equation which satisfies restriction 2°. In like manner 
if the .V’s were rational fractions, multiplying by the least common multiple 
of the denominators would vield an equation satisfying restriction 1°. But 
the theorem of factorability for polynomials has not been extended to analytic 
functions In general, except under the restriction to small regions.* Hence it 
will not do to assume that every equation(1)can be put in the restricted form 
(1') by multiplying by some function /(7,, 2. +++, ”,,). 
Suppose, however, that 


Ndr, + NyJr, bose} 3a = f( Vda, 4. Vx, +eee + Y,,dz,,) =9, 


n n 
. 


where the }"’s satisfy the conditions of theorem 2. Let yw’ be an integrating 


factor of © Vde = 0, and let F’ be the corresponding solution. Then p= yp’ f 


is an integrating factor of {Ndx2 = 0 and the corresponding solution is still 
F’. The equation 


shows that 1» = 0 along the envelopes and the curves F = 4 & and f= 0 
except as such curves make f and yw’ vanish as infinitesimals of the same 





*See W. F. Osgood, ** Allgemeine Theorie der analytischen Funktionen,” Encyhlopadie 
der wathematischen Wissenschaften, vol. I], §42, p. 101, $45, p. 105 
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order. As it is obviously easy to give examples where 1/4 = 0 does not 
merely fail to give all the solutions #’ = + » but also fails to give the envel- 
lopes, it appears that in case the restrictions 1° and 2° are removed from theo- 
rem 2, the theorem becomes too indefinite to be of much value, namely that 
1/4 = 0 contains no curves other than the singular solutions, the limiting 
solutions, and f= 0. It may not contain any of them. 


YaLe UNIVERSITY. 
JANUARY, 1906. 
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